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COMPRESSED DRINFELD ASSOCIATORS 

V. KURLIN* 

Abstract. Drinfeld associator is a key tool in computing the Kontsevich integral of knots. 
A Drinfeld associator is a series in two non-commuting variables, satisfying highly compli- 
cated algebraic equations — hexagon and pentagon. The logarithm of a Drinfeld associator 
lives in the Lie algebra L generated by the symbols a, 6, c modulo [a, b] — [b, c] — [c, a]. The 
main result is a description of compressed associators that satisfy the compressed pentagon 
and hexagon in the quotient L/ [[L, L], [L, L]] . The key ingredient is an explicit form of 
Campbell-Baker-Hausdorff formula in the case when all commutators commute. 

1. Introduction 

1.1. Motivation and the previous results. Let A be a quasi- Hopf algebra ^ with a non- 
commutative non-associative coproduct A. Roughly speaking, an associator is an element 
$ G A®^ controlling non-coassociativity of the coproduct A. Another element R G A®^ 
measures non-cocommutativity of A. For the representations of A to form a tensor category, 
R and $ have to obey the so-called "pentagon" and "hexagon" equations. V. Drinfeld found 
a "universal" formula {Rkz,^kz) by using analytic methods — differential equations and 
iterated integrals. Also Drinfeld proved that there is an iterative algebraic procedure for 
finding a universal formula for an associator over the rationals. Although this procedure is 
constructive, it does not give a close explicit formula. 

The main motivation is the construction of the Kontsevich integral of knots via associators, 
investigated by T. Q. T. Le, J. Murakami jTHI, and D. Bar-Natan [3]. Another combinatorial 
constructions of the universal Vassiliev invariant are in |T9t ITj. Recall that the Kontsevich 
integral takes values in the algebra A of chord diagrams. The LM-BN constructon gives 
an isotopy invariant of parenthesized framed tangles j3] expressed via a Drinfeld associator 
that is a solution of rather complicated equations — hexagon and pentagon (the same as 
mentioned above). Any solution of these equations gives rise to a knot invariant. Le and Mu- 
rakami J3] have proved that the resulting invariant is independent of a particularly choosen 
associator and coincides with the Kontsevich integral from [13 provided R = exp(t^^). In 
other words, if one would know all coefficients of at least one associator, then one can cal- 
culate the whole Kontsevich integral for any knot. Another approach of Bar-Natan, Le, and 
D. Thurston has led to a formula for the Kontsevich integral of the unknot and all torus 
knots in the space of Jacobi diagrams 

One of non-even associators was expressed via multiple zeta values [Tl], i.e. via transcen- 
dental numbers. Drinfeld computed the logarithm of the same associator in the case when all 
commutators commute by using classical zeta values ITU] . This result was the starting point 
of the present researches. Bar-Natan calculated one of even rational Drinfeld associators 
up to degree 7 in J. Lieberum [T7j determined explicitly a rational even associator in a 
completion of the universal enveloping algebra of the Lie super algebra gl(l|l)'®^. Up to now 
a close formula of a rational associator is stil unknown p. 433, Problem 3.13]. 

Extreme coefficients of all Drinfeld associators will be calculated in Theorem 1.5c below. 
It turns out that they are rational and expressed via classical Bernoulli numbers -B„. 
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1.2. Basic definitions. 

Definition 1.1 (associative algebra A^, algebra of chord diagrams A{X)). 

(a) For each n > 2, let the associative algebra An over the field C be generated by the 
symbols f ^ = with 1 < i j < n and the relations 

[f , t'^''] — ii i, j, k, I are pairwise disjoint, [f ^, t^'^ + t^'^\ = if i, j, k are pairwise disjoint, 

where the bracket ® ^4^ —> is defined by [a, 6] := ah — ha. Observe that the 

relations [f-' , + t^'^\ = of are equivalent to 

[t\ t^^] = [^^■^ t^'] = [t''\ t^] for all pairwise disjoint i, j. A; e {1, . . . , n}. 

The associative algebra A„ is graded by the degree defined by deg(f^) = 1. 

(b) Let us define the same object A^ geometrically. Let X be a 1-dimcnsional oriented 
compact manifold, possibly non-connected and with boundary. A chord diagram on X is 
a collection of non-oriented dashed lines {chords) with endpoints on X. Let A{X) be the 
linear space generated by all chord diagrams on X modulo the 4T relations: 











The dotted arcs represent parts of the diagrams that are not shown in the figure. These 
parts are assumed to be the same in all four diagrams. 

If X = Xn is the disjoint union of n oriented segments (strands), then A[Xn) can be 
equipped with a natural product. If in the definition of A{Xn) one allows only horizon- 
tal chords with endpoints on n vertical strands, then the resulting algebra A'^°^{Xn) is 
isomorphic to the algebra A^. Indeed, thinking of as a horizontal chord connecting 
the ith and jth vertical strands, the relations between the become the 4T relations: 



Definition 1.2 (Lie algebra L„, quotient L„, long commutators [a-i . . . flfc]). 

(a) The Lie algebra L„ is generated by the same generators and relations as the associative 
algebra A^ of Definition 1.1. The Lie algebra L„ is graded with respect to deg(f^) — 1. 

(b) By [Ln, Ln] denote the Lie subalgebra of L„, generated by all commutators [a, b] with 
a, 6 e Ln- Introduce the compressed quotient Ln — L„/[[L„,L„], [L„, L„]] . Let A„, L„, and 

Ln be the algebras of formal series of elements from An, Ln, and L„, respectively. 

(c) For elements ai, . . . , a„ of a Lie algebra L, set [0102 . . . Ofc] = [oi, [02, [. . . , Ofe] . . .]]. For 

example, the algebras A2 and L3 contain the series exp(i^^) and ^ [(i^^)'^^^^], resp. ■ 

k=l 

Definition 1.3 (operators and Ek, Drinfeld associators and compressed associators). 

(a) Let f ^ be the generators of An- Let : — > An+i for < A; < n+1 and Sk : An ^ ^n-i 
for 1 < A; < n be the algebra morphisms defined by their action on (here i < j): 





if 


i<j<k. 






if 


i <j <k. 




if 


i<k <j, 






if 


i <k< j, 




if 


k<i <j. 


Skin = < 




if 


k <i<j. 




if 


i<j = k. 
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i <j = k. 
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i^k< j; 
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i — k < j. 



COMPRESSED DRINFELD ASSOCIATORS 



3 



Aq (A„+i) acts by adding a strand on the left (right), A^ for 1 < /c < n acts by doubling the 
ith strand and summing up all the possible ways of lifting the chords that were connected to 
the ith strand to the two daughter strands. The operator Ek acts by deleting the ith strand 
and mapping the chord diagram to 0, if any chord in it was connected to the ith strand. 

(b) A horizontal Drinfeld associator (briefly, a Drinfeld associator) is an element $ G As 
satisfying the following equations (here set ^^-'^ := ^{f^,P'') and $ := $^2^) 

(symmetry) $ ■ ^^^^ = 1 in ^3, 

(hexagon) Ai(exp(ti2)) = $3^2 . exp{t^^) ■ ($-i)i32 . exp(t23) . $123 

(pentagon) Ao($) • A2($) ■ A4(<l>) = A3($) ■ Ai(<l>) in A^, 

(non-degeneracy) £1$ = = £3$ = 1 in A2, 

(group- like) $ = exp(<^) in A^ for some element G I/3. 

A geometric interpretation of the hexagon and pentagon is shown below: 

\ 

exp(t 



;i.3a) 
(1.36) 
(1.3c) 
[l.Sd) 
(1.3e) 



12> 




123 




;i.3c) 




(c) If an associator $ G A3 vanishes in all odd degrees, then $ is said to be even. Note 
that the symmetry (1.3a) implies (p{a,b) = —ip{b,a) in L3. By taking the logarithms of 

(1.3b) and (1.3c) and projecting them under I/3 L3 and I/4 L4 one gets the compressed 
hexagon (1.36) and pentagon (1.3c), respectively. A compressed associator G L3 is a 
solution of (1.36) and (1.3c), satisfying '^{a,b) = —ip{b,a) and <^(a,0) = <^(0,6) = 0. ■ 

Definition 1.3b uses a non-classical normalization. Drinfeld considered the two hexagons 

t^^\ / t23 



0: Ai (^exp (^±y)) = "^^^^ ■ exp 



±yj ■ ($-1)132 . exp (^±yJ ■ To avoid huge 

denominators in future the change of the variables f^^ ^— It^^ was made. Moreover, Bar- 
Natan has proved that both above hexagons are equivalent to the positive hexagon (with 
the sign "+") and the symmetry (1.3a), see 0i Proposition 3.7]. The logarithm = log($) 

of any Drinfeld associator projects under L3 — > L3 onto a compressed associator. 

Example 1.4. Bar-Natan calculated^ one of even Drinfeld associators up to degree 7 

\ab\ %\a%\ + \abab\ 96[a56] + ^\a%ab\ + ^h\a%^ab\ + ^%\aba^b\ + ^\{abf\ 



(^^(a,6) 



12 



720 



90720 



-(interchange of a ^ 6), where a = t^"^, b = t"^^. Degree 7 is the maximal achievement of 



Bar-Natan's computer programme. Then in L3 one gets: (p {a,b) 



[ab] 
~6 



A[a^b] + [abab] + A[¥ab] ^ [a%] + [b^ab] ^ [a-^bab] + [ab-^ab] ^ 23[a^¥ab] ^ 



360 



945 



1260 



30240 



:i.4) A 



1.3. Main results. For a series /(A,/i), let us introduce its even and odd parts: 

/(A,/i) + /(-A,-^) ,,,, /(A,^)-/(-A,-/i) 



Even{f{X,ij,)) 



Odd{f{X,fi)) 



A simple reformulation of Theorem 1.5 will be given in Corollary 1.6c. 



^By the above normalization one needs to divide the denominators at ah terms of the degree n by 2". 
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Theorem 1.5. (a) Any compressed Drinfeld associator ip E from Definition 1.3c is 
(1.5a) (p{a, b) ^ aki[a''b''ab], where a = i^^, b = i^^, aki G C. 

k,l>0 

Moreover, for all k,l > 1, the coefficients aki are symmetric (aki — onk) and could be 
expressed linearly in terms of aij with i + j < k + I. 

(b) Let f{X,ii) — ^ akiX'^i^^ be the generating function of the coefficients — onk- Then 

k,l>0 

the compressed hexagon (1.36) from Definition 1.3c is equivalent to the equation 

A ... - . 1 /e'^ - 1 e-^ - 1 



[l.bb) /(A, /.) + eV(/^, -A - /.) + e-V(A, -A - //) = ^ + 



\-\- jji \ jji A 



Moreover, the compressed pentagon (1.3c) for Lp G follows from the symmetry aki = caik- 
(c) The general solution of (1.5b) is f{X,fi) = Even{f{X,ii)) + Odd{f{X,ii)), where 



[1.5c) 



gA+/U g— A— / oo _ oo 



Odd{f{X,f,)) = E ^nOC^'" + E hn{X,f^) ) , 

^ \n=0 n=3 



/i„(A, l^) = J2 /^nfeA^V'^XA + /i)''=a;2"-6*^ /or n > 3, G C, a; = + A/x + /x^. 

fc=i 

o2fe+l R 

/n particular, any honest Drinfeld associator has the extreme coefficients a2k,o = (^2fc + 2)! 

for every k > 0, where Bn are Bernoulli numbers. The polynomials hn{X,fi) are defined by 
the same formula as hn{X,fi), except the coefficients j3nk G C are substituted for (3nk- The 
coefficients /3„o (for n >0), j3nk, (ind j3nk o,re free parameters for 1 < A: < [^], n > 3. 

By Theorem 1.5c the differences of aU compressed associators form a hnear space generated 
by Pnkif^nk- The projection of any Drinfeld associator is in (1.5c), see Problem 6.10a. 

Corollary 1.6. (a,b) There are two distinguished even compressed Drinfeld associators 
^ — Yli OLki[0'^b^O'b] G I/3 defined by the function /(A, /i) = ^ akiX''/!^ as follows 

k,l>0 k,l>0 

x+n _ g-A-// 2a; 



(1.6a) the first series: 1 + XiJ,f\X, //) = — — r — • — — , uj — y^A^~+A/7+/?; 

(1.66) the second series: 1 + 2Xaf^^(X, a) = : — ( — ; r H 1 . 

(c) Any compressed Drinfeld associator <^ G Z3 can be defined by the Drinfeld series 

C(n) A" + - (A + /i)^ 



l + A//AA,//)=exp^ 



where after rewriting the above exponent as a series in A, ji one substitutes a free parameter 
for each monomial consisting of odd zeta numbers like C{3y({5)'^C{7y . . . (see Definition 6.1). 
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In particular, one gets the third compressed associator 

/ oo c\2n ID \ 

(1.6c) the third series: 1 + \nf^\X, n) = exp ( ^ ^^^(^ ((^ + A*)'" " " A*'") j ■ 

1.4. Scheme of proofs. Key points of proofs arc listed below. 

First key point: a behavior of the Bernoulli numbers = for each odd n > 3). 

Second key point: the Bernoulli numbers Bn can be extended in a natural way, this extension 
gives a compressed variant of CBH formula (Definition 2.4 and Proposition 2.8). 

Third key point: properties of the extended Bernoulli numbers and their generating 
function C(A, //): a non-trivial symmetry C(A, //) = C{—ii, —A) (Lemma 2.10) and an explicit 
expression of C(A, /x) (Proposition 2.12). 

4th key point: the original hexagon equation (1.3b) can be simplified in such a way that it 
remains to apply CBH formula in an essential way exactly once (Lemma 3.1). 

5th key point: the quotient L3 = L3/ [[L3, L3], [L3, L3]] , where a compressed associator lives, 
is isomorphic to a Lie algebra with a small basis of commutators (Proposition 3.4). 

6th key point: the compressed hexagon equation (1.36) is equvalent to a recursive linear 
system for the coefficients aki (Proposition 3.9 and Lemma 4.1). 

7th key point: the extreme coefficients a2k,o of the exact logarithm of any Drinfeld associator 
(not only the compressed one) are expressed via Bernoulli numbers (Lemma 4.2). 

8th key point: for any compressed associator, the compressed hexagon (1.36) can be split 
into two equations for the even and odd parts of this associator (Lemma 4.5). 

9th key point: up to certain factor the general solution of the compressed hexagon (1.36) is 
a series /i(A, yu.) with the symmetry /t(A, //) = /i(A, —A — fx) (Lemmas 4.6 and 4.12). 

10th key point: non-uniqueness of compressed associators is closely related with non- uniqueness 
of associator polynomials (Definition 4.7 and Lemma 4.9). 

11th key point: all associator polynomials can be described explicitly: in each degree 2n the 
family of all associator polynomials depends on [|] free parameters (Proposition 4.10). 

12th key point: for any compressed associator, the compressed pentagon equation (1.3c) 
follows from the symmetry condition aki = aik (Proposition 5.10). 

All the above results are the positive ones. But there is also the negative one. 
13th key point: the Drinfeld series (a compressed associator expressed via zeta values) does 
not lead to non-trivial polynomial relations between odd zeta values (Proposition 6.9). 
The 13th key point means that odd zeta values are too complicated numbers. 

The paper is organized as follows. In Section 2 the extended Bernoulli numbers are 

introduced, one deduces a compressed variant of CBH formula in the case when all com- 
mutators commute with each other. In Sections 3 and 4 the compressed hexagon is written 
explicitly and solved. Section 5 is devoted to checking the compressed pentagon. In Section 6 
one explains, why the Drinfeld series does not lead to polynomial relations between odd zeta 
values. Theorem 1.5a is proved at the end of Subsection 3.3. The hexagon and pentagon 
parts of Theorem 1.5b are checked in Subsections 4.1 and 5.3, respectively. Theorem 1.5c, 
Corollaries 1.6a-b and 1.6c are verified in Subsections 4.3 and 6.2, respectively. In Sub- 
section 6.3 open problems and suggestions for future researches are formulated. Moreover, 
Appendix contains a lot of explicit formulae discussed in the paper in their general forms. 

The following diagram shows the scheme for the proof of Theorem 1.5. The most important 
steps are called propositions, they are of independent interest, especially Propositions 2.8 
and 2.12 together. Lemmas are of less importance. Claims are technical assertions. 
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Proposition 5.10 



Theorem 1.5c 



Proposition 4.10 



/ \ / 

Lemma 5.8 Lemma 5.9 Lemmas 4.6, 4.12 

\ / 

Lemma 5.5 Lemma 4.5 Lemma 4.2 

\ / 

Lemma 5.4 Lemma 4.4 " Lemma 4.1 




Lemma 2.11 



Proposition 2.12 Proposition 3.9 



Theorem 1.5a 



Lemma 3.1 



Lemma 2.2 Lemma 2.10 " — Proposition 2.8 " — CBH (2.3) Proposition 3.4 



Acknowledgement. The author is grateful to O. Popov for his help in the proof of Propo- 
sition 3.4 and to D. Moskovich for his useful suggestions. Also he thanks D. Bar-Natan, 
L. Funar, C. Kassel, G. Masbaum, and P. Vogel for their attention and comments. 

2. Campbell-Baker-Hausdorff formula (CBH) 

This section is devoted to an explicit form of CBH formula in the case when all commu- 
tators commute with each other, see Propositions 2.8 and 2.12. 

2.1. Classical recursive CBH formula. Recall a classical recursive CBH formula (The- 
orem 2.3) originally proved by J. Campbell 0, H. Baker JJ, and F. Hausdorff fTI] . 

d 

Definition 2.1 (Hausdorff series H, Bernoulli numbers Bn, derivative D = ^^'qq )• 

(a) Let L be the free Lie algebra generated by the symbols P, Q. By L denote the algebra of 
formal series of elements from L. The Hausdorff series is H = log(exp(P) ■ exp((5)) G L. 

(b) The classical Bernoulli numbers Bn are defined by the exponential generating function: 



n=o n\ 



X 



- 1 



. One can verify that i?o = 1, -Bi 



111 ^ 
-- and that 

2 - 1 



H — is an even 
2 

X 



function, which shows that i?„ = for odd n > 3. The first key point: the function 

— 1 

- 1 

vanishes in almost all odd degrees, while does not. The first few Bernoulli numbers 



are Bq = 1, Bi 



1 

2' 



X 



B, 



6' 



5, 



0, Ba = , -B5 

30 



0,^6 



42' 



B7 = 0. 



(c) A derivative of a Lie algebra L is a linear function D : L —>■ L such that D[x,y] = 

d 

[Dx,y] + [x,Dy] for all x,y G L. For an element Hi G L, denote hj D = ^i'qq the 
derivative of L, which maps P onto and Q onto Hi. ■ 

The first key point implies recursive formulae for the Bernoulli numbers Bn- 
Lemma 2.2. For each m > 1, the Bernoulli numbers Bn satisfy the relations 



E 

n=l 



m + 1 



n 



[—] 

k=l ^ ^ 



m — 1 



n=l ^ 



B„ 



m. 
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In particular, the first four relations from the item (a) are 

2fii = -1, 35i+352 = -l, 45i + 652 + 4^3 = -1, 5Bi + IOB2 + IOB3 + 53^ = -1. 
Proof, (a) One obtains: 



X 



1 \^ k\ n\ / ^ (m+1)! ^ A;! n! 

\k = l / \n=0 / m = l ^ J^fc + n=m + l-J y 



™ 1 i?„ 1 
i.e. V — ■ — ^ = — as required. 

n=i [m — n + 1)1 nl [m + 1)1 



m I 2 ' 

(b) Since B2k+i = for every A; > 1, then -1 = E ("D^n = (m + + ^ (™t )^2fc, 



n=l fe=l 



t 2 I 1 777 1 

hence E r2t')^2. = -1 + -(m + 1) = 

k=l ^ ^ 

(c) The required formula is equivalent to the item (b), since i?2fc+i = for each /c > 1. □ 
The following theorem is quoted from Corollaries 3.24-3.25, p. 77-79]. 

Theorem 2.3. 0111111] The Hausdorff series H = log(exp(P) ■ exp(Q)) is H = J2 Hm, 

Ho = Q,H, = P-hQ,P]+f: ^[Q^-P], Hm = - (hi^ {H^-i) for m > 2. □ 

2.2. Extended Bernoulli numbers Cmn and compressed variant of CBH formula. 

The compressed variant is the case when all commutators commute. To get an explicit form 
of CBH formula in this setting, one needs extended Bernoulli numbers. 

Definition 2.4 (extended Bernoulli numbers Cmn-, generating function C(A,/i) ). 

(a) Introduce the extended Bernoulli numbers Cmn in terms of the classical ones: 

(2.4a) Cin = Bn, Cm+l,n = —Cm,n+1 TT / . J -^fcCm.n-fc+l for m, n > 1 . 

n + 1 n + I ^-^ \ k 

k=l ^ ' 

The numbers Cmn are calculated in Table A. 2 of Appendix for m + n < 12. 

(b) Let us introduce the generating function 

^-^ ^-^ mini 

m=l n=l 

The formula (2.4a) does not look very naturally. But there is a more natural definition of 
Cmn equivalent to (2.4a), see Proposition 2.8. 

Example 2.5. The first few values of the extended Bernoulli numbers are 

C21 = C22 = -, C23 = — ttj C31 = 0, C32 = — , C41 = — . 

D 15 15 30 

Then the generating function C(A,/i) starts with 

C{X, /.) = -i + ^(A - /i) + ^A/x + ^(/.^ + 4Xfi' - 4AV - A^) + ■ ■ ■ 
Up to degree 10 the function C(A,/i) is computed in Example A. 3 of Appendix. ▲ 
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If 1^ is a word in P,Q, then the expression [FT] in a long commutator is regarded as a 
formal symbol, i.e. [P(5[M^]] := [-P, [Q, [W^]]]- But the symbol in a long commutator is 
considered as the word in P, Q, for W = g"P"' one gets [WQP\ := [Q'^P'^QP]. 

Claim 2.6. Let P, Q be two elements of a Lie algebra L, W be a word in the letters P, Q. 

(a) In the quotient L = L/\[L,L], [L,L]\, for any word W containing at least one letter P 
and at least one letter Q, one has [PQ[W]] = [QP[W]]. 

(h) In the quotient L, for any word W containing exactly m letters P and exactly n letters 
Q, one has [WQP] = [Q'^P'^QP]. 

Proof, (a) Since the element \W] contains at least one commutator, then [[P, Q], \W\\ = 
in the quotient L. The following calculations in L imply (a): ~ = 

= [P.Q[W] - [W]Q\ - [Q.P[W] - [W]P] = {PQ[W] - P[W]Q - Q[W]P + [W]QP)- 
{QP[W]-Q[W]P-P[W]Q+[W]PQ) = {PQ-QP)[W]-[W]{PQ-QP) = [[P,g],[W^]] = 0. 

(b) By the item (a) one can permute the letters of W, i.e. one may assume W = Q^P^. □ 

Let L be the Lie algebra freely generated by the symbols P, Q. Recall that the series 
Hi E L was introduced in Theorem 2.3. Put L = L/[[L, L], [L,L]]. As usual by L denote 
the algebra of formal series of elements from L. 

d 

Claim 2.7. In the algebra L, for the derivative D — Hi—— and all m,n >1, one has 

oQ 

(2.7a) [Hi,P]^-^-^[PQ'^P]; 

k=i i^ - 

(2.7b) D[Q^P] = (n - i)[Q"-2pgp] - ^ ^[g-ipg^p]; 

k=i k\ 

oo R 

(2.7c) DIQ^'-^P'^-^QP] = {n- 1)[Q''-^P"'QP] - ^ --^[Q''+''-^P"'QP]. 

k=i k\ 

Proof, (a) It suffices to rewrite the formula of Hi from Theorem 2.3 as follows: 



Hi^'^^p + f^jr^Q'P] [Hi,P] 

k=l 



. k=l 



±^[PQ'P]. 



k\ 

k=l 



Observe that here the first key point {Bn = for odd n > 3) was used. 

(b) Induction on n. The base n = 1 follows from (a): D[QP] =' [DQ,P] + [Q,DP] 

= [Hi,P] - £ ^[PQ^P]. Induction step (from n to n+ 1): P'[g"+ip] ^='^ 
k=i ^' 



(2.1c) 



[Hi, [Q-p]] + [Q,D[Q-p]] = [pg-p]+(n-i)[g"-^pgp]- 



oo 



k\ 

k=l 



It remains to apply Claim 2.6a: [Pg"P] + (n - l)[g"-ipgP] = n[Q''-^PQP]. The item (b) 
and D[Q''-^P"'-^QP] ^ D[P"'-^Q''P] ^ [P, [P, [• • •, P)[g"P] • • •]] imply (c). □ 



m— 1 



The following result gives a natural definition of the extended Bernoulli numbers C^„: 
they give rise to an explicit compressed CBH formula {the second key point). 
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Proposition 2.8 (compressed variant of CBH). Let L be the Lie algebra freely generated 
by the symbols P, Q. Under the natural projection L L, where L = L/^[L, L], [L, L]] , the 
Hausdorjf series maps onto the series 

OO OO 

(2.8) H = P + Q + yy ^[Q^-^P^^-^QP]. 

^-^ ^-^ mini 

m=l n=l 

_ OO _ 

Proof. By Theorem 2.3 the series H maps onto the series H = ^m, where 

m=0 

°° R 1 f) 

Ho = Q, H, = H, = P + y ^[g"P], H^+i = —^D^{H,) for m > 1 and D = H, — . 

nl ml oQ 

It remains to prove the following formula: 

OO „ 

(2.8;,) D'^iHi) = r!!^[Q"-ip™gp] for each m > 1. 

n=l ^' 

The base m = 1 is completely analogous to the inductive step (from m — 1 to m) : 

D'^{H^) ^^'^'=-'^ D I ^^[g"-ip— igp] I =f2^D[Q''-'P"'-'QP] ^'=^ 

\n=l ■ / n=l 

n=l ■ \ k=l ' J 

OO ^ OO OO ^ 

71=0 ^ n=l k=l 

The series H will be calculated up to degree 10 in Proposition A. 4 of Appendix. 
2.3. Properties of the extended Bernoulli numbers and C{X,fi). 

Claim 2.9. Under the natural projection L ^ L, where L = L/ [[L, L], [L, L]] , the Hausdorff 
series H = log(exp(P) ■ exp(g)) maps onto the series^ 

OO OO ^ 

(2.9a) H = P + Q + J2 5^ ^[P"-^Q"^-^PQ], where C[, = -, = P., 

^-^ ^-^ mini I 

m=l n=l 

(2.96) C'^^,^, = ^C'^,n-,i -^Y.C't^) C'ikC'm,n-k-,i for m > 1, u > 2. 

k=l 

Proof is completely analogous to the proof of Proposition 2.8. One can use the following 
analog of Theorem 2.3 [201 the remark after Corollary 3.25 on p. 80]: 

OO 

the Hausdorff series H = log(exp(P) ■ exp(Q)) is equal to P = ^ H'^, where 

m=0 

H', = P, H[ = Q + -[P,Q]+J2-^[P^-Q], Hi = -(H[— UhL_,) for m> 2. 

n=l ^ ' ^ 

^Note that Bi — — i but one sets = 
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d 

Here the derivative D' = maps P onto H[ and Q onto 0. To get the formula (2.9a) 

it suffices to apply the equations similar to Claim 2.7, where P, Q are interchanged. 

(2.7a') [H[, Q] = --[QPQ] - E i^iQP'Q] = - E ^[QP'Q]; 

I fe=2 - k=l l^ - 

oo f" 

(2.76') D'[P"g] = (n - i)[p^-^QPQ] - ^ ^[P"-'gp'=g]; 

fe=i 1^- 

(2.7c') L>'[P'^-ig"*-ipQ] = (n - l)[P"-2g"*pg] - £ -Jl[pfc+"-2gmpg]_ 

fe=l ^' 

Actually, it remains to deduce by (2.7c') the formula analogous to (2.8^): 

oo ^/ 

{DY{H[) = ^!l±i£i[P"-ig"»pg] for every m > 1. □ 

n=l 

Lemma 2.10. The extended Bernoulli numbers are symmetric in the following sense: 
(2.10) C„™ = (-1)"+"C„„ for allm,n>l. 

Hence the generating function C{X,ii) obeys the symmetry C{X,ii) — C{—ii, —A). 
Proof. Let us rewrite the recursive formula (2.9b) in a more explicit form: 



2k+l- 



k=l ^ ' 

In the same form the formula (2.4a) looks like 

[f ] 

Cm+l,n ~ ~~rCm,n+l + TrC'^n — ( „, ] B2kCm,n-2k+l- 

n + 1 2 n + 1 ^-^ \ 2k I 

fe=i ^ ' 

If the latter equation is multiphed by (—1)"*+'*, then one obtains 

77 1 

f 1 \m+n/^ / -ixm+n/^ ( -i Nm+n— 1/^ 

\~^) ^m+l,n — TTv / ^m,n+l ~ '^\^) ^mn~ 
Th n" J- ^ 



[f 1 



n+ _ 

A:=l 



Hence the numbers and (—1)™+" ^C^n obey the same recursive relation. Since 
{-lYBn = {-lYCin {the first key point) for each n > 1, then C'^^ = (-l)"*+'*-iC^„ for all 
771, 7^ > 1. Then the formula (2.9a) converts to 

H-P-Q= (-i)-+"-i-^[p"-ig™-ipg] y .^rgm-ipn-igpi 

m,n>l m,n>l 

By comparing the above formula with (2.8), one gets = (— 1)"*+"C„^ as required. □ 

The following two assertions show that the extended Bernoulli numbers Cmn are not too 
complicated, contrary they can be expressed via binoms and classical Bernoulli numbers. 

Lemma 2.11. The extended Bernoulli numbers can be expressed via the classical ones: 

m-l , X 

(2.11) Cmn = ( ^ jBn+k foT cach 777. > 1. In particular, one gets 

k=0 ^ ^ 
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Cin = Bn, C2n = Bn + 2Bn+l, C^n = -Bn + 3-B„+i + 3i?„_|_2, 6*4^ = i?„ + 4i?„+i + 6i?„_|_2+4i?„_|_3. 

Proof. Multiplying (2.4a) by one has ^Cm+i,n = C^,n+i - ^ E {''t')BkCm,n-k+i, i.e. 



k=l 



(2.4a') Cm,„+i = Cm+i,n + - ^ [ > ) BkCm,n-k+i for all m,n>l. 

^ ^ A;=l ^ / 

The equation (2.11) will be checked by induction on m. The base m = 1 follows from 
Definition 2.4a. Suppose that the formula (2.11) holds for m, let us prove it for m + 1. 

^ (2^0) (2.4aO (-l)"^+n+l f ^ + A 

(2^0) f ^(-l)-+"+^C^,„+i + - E f"" ^ ^ V.(-l)'"+"-'=^^C^-.+i, 

(b,H3.o.w,^^'i:(gB„.....iE(-i)'(^^>.i:("-f-^>. 

jfc=0 ^ ^ fe=l ^ ^ /=0 ^ ^ 

^^EM)'(":>rE('"-ro«»- 

fc=i ^ 1=1 ^ ^ 
!rE(-)'C":>^-E^(('"+<,!,)+E(-)'("r)^<'""^0 

Since by Lemma 2.2c the first term is equal to then it remains to check the formula 

m + 1/ m \ 1 ^xi./'"^+l\„ /m-/c + l\ /m + 1\ „ „ ^ , ^ -, 

((_lj+;;;E(-l)\ , j = ( , j£orallm>i>l. 



m \l 

k=\ 

The left hand side of the above equation is 

m—l 



{ra-r\)-{m-\)\ f , (m + l)-(m-l)! (m-fe + l)! \ 

(Z-l)!(m-Z + l)! A;!(m-A; + 1)! Z!(m - A; - Z + l)!y 

(m+l).(m-l)! (m+ 1) ■ (m - 1)! ^ ^ f m - I + 1\ (2.20) 



(/- l)!(m-/ + l)! /!(m-/ + l)! ' ''V ^ 

(2.2c) (m + 1). (m—l)! m — l\ (m+1)! fm + l\ . , ^ 

1 H 5 — = 777 ; — TTT = as required. □ 



(/-l)!(m-/ + l)! V I J /!(m -/ + !)! V ^ 

Now one can get an explicit expression of C(A, /x), which is not followed immediately from 
Definition 2.4 or Proposition 2.8 {the third key point). 

Proposition 2.12. The generating function C{X,ii) from Definition 2.4b is equal to 

— 1 f X + II IX 
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Proof. The next trick is applied: to get a non-trivial relation, one destroys a symmetry. 

Coo OO /m— 1 / \ \ \n r 

mn .n m (2-11) ST^ ST^ ST^ I \ ^ 



m,n>l n=l m=l \fc=0 ^ ^ 



•.+k 



OOOO OO \r)rvt OOOOOO /OO ™\/OOOC 



A 7^ 771 Ay / ■-^^ Tyi \ / ^^^^ \ k 

\ \ \ ' = \ \ \ H ^ ^ — I \^ ^ 1 I \^ \^ R ^ 

2^2^ 2^ nUm-k)\k\~'^^^ '"^^n\m\k\ ~ I ^ m! i I ^ ^ 

ifc=0 n=l m=fc+l ^ ^ A;=0 n=l m=l \m=l / \A;=0 n=l 



e" 



vn=l fe,n>l 



^(A, IJ) ^ Bn+k—rrr- Since = -Bn+fe for n, /c > 1 (i/ie first key point), 

k,n>l n\k\ 

then C{-i^, -A) = Yl " = ^""^ obtains 

k,n>l k,n>l 

= ie-' - 1) • - 1 + -A)) = (e-^ - 1) • (^-p^ - 1 + C{X, , hence 

(e-^-e'^)C(A,/.) = (e'^-l)(-A__i)_(e-A_i)(_Z^_l) ^ Aj^+;.^+e-^-e^ 
By substituting the above formula into the expression of XfiC{X,fi) via C{\,fj,), one gets 

= — + ['—1 + "IF^ 

ef^ — I — 1 

Note that after dividing by A + u both series A^; h n. and — begin with 

— \ — 1 

1. It remains to prove the following equation: 

Xe''-!^ + ae^^ ^ (1 - e'^n ■ ( - ^) or 



Xe' ^.A_TxJf^__, n_.x+^^f^^^_[L 



(e^^ - 1)^^ + (e^ - 1)-^ = -A - - (1 - 6^+'') • + ^— . or 



e^-1 / ^ ^Ve/^-l / ^ e/^-l/' 

or Xe" + Ate^ = (e^+^ - e")^^ + (6^+" - e^)— that is clear. □ 



3. Compressed hexagon equation 
In this section one shall write explicitly the compressed hexagon and prove Theorem 1.5a. 
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3.1. First simplification of the hexagon. Lemma 3.1 gives a first simpfification of the 
hexagon (1.3b). Due to this 4th key point it remains to apply CBH formula exactly once. 

Lemma 3.1. In A3 the hexagon equation (1.3b) is equivalent to the following equation: 

(3.1) exp(a + b + c) = exp{i/j{c, a)) ■ exp{ip{b, c)) ■ exp{i{j{a, b)), 

where ip{a, b) := log(exp((^(a, b)) ■ exp(a)) G i/3, a := t^^, b := t^^, c := t^^. 

Proof. Let us rewrite the original hexagon (1.3b) in a more explicit form: 

exp(ti3 + t23) ^ exp{^{t'^t'^)) ■ exp{t'^) ■ exp{-ip{t'^t^')) ■ exp{t''') ■ exp{ip{t'',t''')). 

Introduce the symbols a — t^^, b = t^^, c = t^^ and apply the symmetry ip{b, c) = —(p{c, b). 

exp(6 + c) — exp((^(c, a)) • exp(c) • exp((/?(6, c)) • exp(6) • exp((^(a, b)). 

It remains to multiply the above equation by exp(a) from the right. Note the element a 
commutes with 6 + c in L3 by definition. Moreover, a + 6 + c is a central element of L3. □ 

Recall L3 is the algebra of formal series of elements from L3 = L3/ [[L3, L3], [L3, L3]] . 



Claim 3.2. In L3, for the compressed series tp{a, b) = log(exp(99(a, b)) ■ cxp(a)), one has 




Proof. Apply Proposition 2.8 for the Hausdorff series ij{a, b) = log (exp (1^9(0, b)) ■exp(a)) and 
Q = a, P = (f{a, b). Since all commutators including in (p{a, b) commute with each other in 
L3, then [Q"P] = [a"^(a, b)] and [Q^'-^P'^-^QP] = for all m > 2, n > 1. □ 

In particular, by Claim 3.2 the series ip{a, b) starts with 



V'(a, 6) = a + (^(a, b) - -[a, (^(a, b)] + —[a, [a, (^(a, b)\\ - —[a, [a, [a, [a, (^(a, b)\\\\ H 

3.2. The Lie algebra L'i{X,fj,). Recall that L3 = L3/[[L3,L3], [L3,L3]] by definition. 

Definition 3.3 (Lie algebra L^^X,/!)). Let us introduce the linear space L3{X, 11) generated 
by a,b, and X'^iJ,''[ab] for k,l > 0, where A, // e C are formal parameters. At this moment 

the expression [ab] means a formal symbol, which denotes an element of L^{X,ix). Define 
in L's{X,fi) the bracket by [a,b] := [ab], [a, X''fi'-[ab]] := X''+'^fi'-[ab], [b, X^ ii^[ab]] := A''/i'+^[a6], 
the other brackets are zero. One can check that this bracket satisfies the Jacobi identity. 
Actually, only the following identities (up to permutation a ^ b) contain non-zero terms: 

[a, [a, AV'H]] + [a, [AV'H, a]] = 0, [a, [b, AV'H]] + [b, [AVH, a]] + [AVH, [ab]] = 0. 

Hence the space L^i^X, fi) becomes a Lie algebra. Now the formal symbol [ab] is the true 
commutator [a,b] G Ls{X,iJ,). Note that in L'i{X,ij) one has [a^^ab] — X^ij}[a,b]. 

By Ls{X,ijl) denote the algebra of formal series of elements from L3(A,//). Observe that 
in L^lX, /i) any series of commutators [a^b^'ab] is (a series in X, ii)x[a,b]. ■ 

Remind the notation [aia2 . . . Ojt] := [oi, [02, [■ ■ ■ , Ofe] ■ ■ ■]] from Definition 1.2c. 

Proposition 3.4. (a) Let L{a + b + c) C I/3 be the 1-dimensional Lie subalgebra generated 

by the element a + b + c, L{a, b) C -L3 be the Lie subalgebra freely generated by a, b. Then 
the Lie algebra L3 is isomorphic to the direct sum L{a + 6 + c) © L{a, b). 

(b) The quotient L(a,b) := L(a,b) / [[L(a,b), L{a,b)],[L{a,b), L{a,b)]] is isomorphic to the 
Lie algebra L^{X, ^) introduced in Definition 3.3. 

(c) The quotient L3 = L3/ [[L3, L3], [L3, L3, ]] is isomorphic to L{a + 6 + c) © L^i^X, /x). 
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Proof, (a) In the setting a :— t^^, b :— i^^, c = t^^, the element a + b + c is a central element of 
L3. Moreover, the defining relations of the Lie algebra L3 become [a, a+b+c] — [6, a+6+c] = 
0. Now the isomorphism L3 = L(a + 6 + c) ® L(a, &) is obvious. 

(b) By definition the Lie algebra L{a, b) is linearly generated by a, b and all commuta- 
tors [-iuafe], where w is a word in a,b. By Claim 2.6b the quotient L{a,b) is linearly 
generated by a, b and commutators [a^b''ab] with k,l > 0. The only non-zero brackets of 
these elements in L{a,b) are [a,b], [a, a'^&'aft] = [0*^+^6' a6], [b,a''b''ab] — [a'^6'+^a6]. One has 
[[Lsi^X, fi), L^i^X, fi)], [L3(A, /i), L3(A, /i)]] = 0. The required isomorphism L{a,b) Ls{X, /i) 
is defined by [a'^b^ab] 1-^ A'^//'[a, 6]. The item (c) follows from (a) and (b). □ 

Due to Proposition 3.4 the image of the logarithm of a Drinfeld associator is [a, b] x (a 

series in the commuting parameters A,yu). Hence the compressed hexagon lives in L^{X^^). 
This simplification {the 5th key point) allows to solve the compressed hexagon completely. 

Definition 3.5 (generating series f{X,iJ,) and g{X,fi); symmetric coefficients aki). 

Let C[[A,/i]] be the set of formal power series with complex coefficients in the commuting 

arguments X, /j,. Introduce series f,g& C[[X, jj]] by the formulae in the algebra I/3(A, /x) 

(p{a, b) — aki[a''b'^ab] — /(A, /i) • [a, b], ■0(a, b) — a + g{X, jj) ■ [a, 6], respectively. 

k,l>i) 

The formula for (^(a, b) is a general form of a series in I/3(A, /x). A series g{X^ fi) exists due to 
Claim 3.2. Since <f{a,b) — —(f{b,a), then the series /(A,/x) = ^ akiX^/i'' (but not g{X, /i)) 

k,l>0 

is symmetric in the arguments A, /i, i.e. aki — CKik are symmetric coefficients. ■ 
Claim 3.6. (a) The series /(A,//) and g{X, /i) are related as follows 

(2.16) A/(A,/x) 



(3.6a) ^(A, = J] If A'^ . /(A, /.) = (1 - ^ + ^ - ^ + . . . ) /(A, /.) 



(b) In the algebra L^i^X, fi) one has 

(3.66) ip{b,c) — b + g{ii, p) ■ [a,b], ip{c,a)—c + g{p,X)-[a,b], where p — —X — /i. 

(3 5) — (3 2) 

Proof The following calculations imply the item (a): g{X,p)[ab] = 4'{a,b) — a = 



The item (b) follows from Definition 3.5 and (p{b,c) = f{p,p)[ab], (p{c,a) = f{p,X)[ab]. 
The latter formula is proved similarly to the former one by using (L2a) [ab] = [be] = [ca]: 

(^(6,c) = 

akiib^'c'bc] ^ "'^^[^'(-« - ^')'«^] E - /^)'[«^] /(/^' ° 

Example 3.7. For the series (p^{a,b) — f^{X,p) ■ [a,b] from Example (1.4), one has 

1^11 

ttoo = 7:; ttio = aoi = 0; 0:20 = 0:02 = -7^, an = -777:7:; 0:30 = ^21 = 0:12 = ao3 = 0. 
6 90 360 

Then up to degree 3 the corresponding series /^(A,/i) and g^{X,p) are 

rB/x X 1 4A2 + A/x + 4/x2 , 1 A A2-A/i-4//2 4X^ + X^ n + 4Xp'^ 
f = « , 9 (A,/i) = 7T-T77 + + 



6 360 ' ' '^^ 6 12 360 720 
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Moreover, one can compute the series from Claim 3.6b (they will be needed later): 

1 A + u 2A2 + 3Au + u2 7A3 + MAV + llAw^ + V 
^ (A^) = 6 + ^2 360 720 + •••, hence 

G-(A, ,-(A, + g-{,, p) + A) = 1 - ^^±^|±^ + ^'"','2"'' + " " ' ' 
T-(A, ,) :^ 1 + A,-(,, p) - ,,-(A, ^ 1 + ^ + ''^"''\"6o'^'"''^ + " " ' ^ 



3.3. Explicit form of the compressed hexagon (1.36). 

Claim 3.8. For the generators a = t^^, h = t^^ , c = t^'^ of the Lie algebra L3, set P :— ijj{h, c), 
Q := il){a,h). Then in the algebra L3(A,/i) one has^ 

(3.8) [Q, -P] = T(A, yU.) ■ [a, 6], where T{\, fi) = 1 + Xg{iJ,, —X — n) — /ig^X, 11). 
Proof. By Definition 3.4a and Claim 3.6 one gets 

[Q: -P] = [a + g{K IJ) , h + g{n, - A - //) [a&]] = [ah\ + g{n, - A - //) [aa6] - g{X, p) [hah] . 
It remains to use the relations [aah] — X[ah\ and \bah\ — //[a6] of L2,{X,ijl). □ 
Proposition 3.9. Let (p = ^ aki[a^Ual}\ he a compressed Drinfeld associator, a^i G C, 

fc,/>0 

f{X,ii) = ^ akiX^p} he the generating function of the coefficients aki- Then the compressed 

k,l>0 

hexagon (1.36) is equivalent to the following equation in the algehra C[[A,//]] 

(3.9) G{X,fi) + C{X,fi) -TiX,!!) = 0, where 

G{\ lA ■= g{\ /^) + y(/^, P) + 9{p, A), r(A, p) := 1 + Xg{ii, p) - pg{X, p), p ■= -X - p. 

Proof Let us apply Proposition 2.8 for the Hausdorff series H = log(exp(P) •exp((5)), where 
P — ip{h, c) — h + g{p, p)[a, h], Q ~ ip{a, b) = a + g{X, p)[a, h]. One has 

00 00 ^ 

H = p + Q + yy ^[g«-ip— igp]. 



mini 

m=l n=l 



Since in the quotient L3 all commutators commute, then the formula (3.8) implies 

jgn-ipm-igp| _ T{X,p) ■ [a^'-'b"'-' ab] = X'"' p"'-^T {X, p) ■ [a,b], hence 



00 CXD 



H^a + g{X, p) [a, b] + b + g{p, p) [a,b] + + Y,Y. ^X'^ p'^-'AX, p) ■ [a, b] = 

Tn.n. 

m=l n=l 

= (by Definition 2.4b) = a + 6 + (^(A, p) + g{p, p)) ■ [a, h] + C(A, p)T{X, p) ■ [a, h]. 

On the other hand, by Lemma 3.1 one has H — log(exp(— -0(0, a)) • exp(a + h + c)). But 

a + 6 + c is a central clement of L3, hence H = a + b-\-c — il){c, a). 

Let us take together both above expressions for II and use Claim 3.6b for i!j{c, a) 

a + b+{g{X, p) +g{p, p))[ah] + C(A, p)T{X, p) [ah] = a + 6 + c - (c + ^(p. A) [ah]) ^ (3.9) . □ 



"^The series g{X, n) was introduced in Definition 3.5. 



16 KURLIN 

Example 3.10. By , Cfc, denote the degree k parts of the functions G^(A, ji), C(A, ji), 
T^{\,jj), respectively. Due to Examples 2.5 and 3.7 one can calculate 

Go^(A,/.) = l Gf(A,/.) = 0, gf(A,/.) = - ^' + ^^ + ^' , Gf(A,/.) = ^^^^^i^; 

Co(A, A^) = -2 ' C'u^' /^) = C'slA, /x) = — , C3(A, /x) = ^^^^ ; 

T-(A,;.) = 1, T-(A,;.) = ^, Tf(A,;.) = 0, T3^(A, ^ " ^"^'^'^ " 
Now one can check by hands the first four compressed hexagons: 

+ Co = 0, Gf + CoTf + Ci = 0, Cf + CiTf + C2 = 0, Gf + CoTg^ + C^T^ + C3 = 0. ▲ 

Proof of Theorem 1.5a. The expression ^{a,b) = ^ aki[a^b^ab] follows from Def- 

k,l>0 

inition 3.5. The condition ^{a, b) = —<f{b, a) is the symmetry = aik- The non- 
degeneracy (/9(a, 0) = (/9(0, b) = holds trivially. Let us rewrite (3.9) as follows: 

(3.9') g{X, /x) ■ (1 - /xC(A, ^)) + g{i2, p) ■ (l + AC(A, /i)) + g{p, A) + C(A, /x) = 0. 

Then, for each n > 1, the degree n parts of the functions g{X, n), g{fi, p), and g{p, A) can be 
expressed linearly via the degree k < n parts of the same functions. Due to Claim 3.6a the 
degree n parts of these functions contain the coefficients aki only for A; + Z = n. Hence the 
coefficients could be expressed linearly in terms of with i + j < k + I. □ 

4. Solving the compressed hexagon equation 



Here one solves completely the compressed hexagon (1.36) = (3.9) from Proposition 3.9. 
4.1. Further simplifications of the compressed hexagon. 

Lemma 4.1. Let f{X,ii) — ^ akiX^pl" he the generating function of the coefficients aki of 

k,l>0 



a compressed associator if G L3. Then the compressed hexagon (1.36) = (3.9) is equivalent 
to the equation (4-lo-) o-nd to the equation (4-lb) in the algebra C[[A, //]] 

(4.1a) ^^^^{l-pC{\p)) + ^^l^ where 

, . e^^-l f X + p p 
p — —X — p, C{X,p) = 



Xp Xe^+t^-l ei^-l 
(4.16) /(A, p) + e^/(/x, -X-p) + e-V(A, -X-p) = {"—^ ^ e ^ - 1 



X-\- p \ p X 

Proof, (a) The equation (4.1a) follows from the formula (3.9') and Claim 3.6a. 

— I X + p 1 

(b) By using the formula (2.12) in the form C(A, p) = ■ -y;^ — ^, one gets 

^ ^i + xc{Kp)) ^ ^ + ^ ^ + ^ 



Now apply the symmetry {the third key point) 

C(X, p) = C{-p, -A) = . + i hence 

A , _ A ( e-^-l X + p ^ _ 1 - A + /x ^ X + p 

'^^^ ~ - 1 V A ■ e-^-f^ - 1 J ~ - 1 ' 1 - e^+M " e^+^ - 1' 
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Then the equation (4.1a) converts to 

One can multiply both sides by — ; since this series begins with 1, i.e. 

A + /X 

e^/(A,/.) + /(/.,p) + e^+'^/(p,A) 



A \ A + II 

Let us swap A and p — —A — /i (in other words one substitutes (—A — /i) for A): 
e^f{-X -ii,^i) + fill, A) + e-V(A, -A - /.) = f + ^'~^ 



X + fx \ A /X 

To get the equation (4.1b) it remains to use the symmetry /(A, /x) = /(/x, A). □ 

The hexagon pcirt of Theorem 1.5b follows from Lemma 4.1b: the compressed hexagon 
equation (1.36) is equivalent to (4.16) = (1.56). □ 



An explicit form of the compressed hexagon (1.36) is the 6th key point. 

Lemma 4.2. For the generating function /(A,/i) of any compressed associator, one has 

2A . A 1 2 



A2 A(e^ - e-^) 



(4.2) Even{f{\Q)) = ^^(^-^-^ + X-l^, /(A, -A) 

In particular, one obtains the extreme coefficients Q;2fe,o — —tk] — TTrr" f^'^ every k >Q. 

[Ak ~t~ 21 ! 



Proof. Let us solve the equation (4.1b) explicitly for = ^then set 



= 1 



One has /(A, 0) + /(O, -A) + e-V(A, -A) = ^ fl + ^ ^ ^ 



A V A y A2 

Since Odd{f{\, -A)) = 0, Odd{f{\, 0) + /(O, -A)) = 0, and 

oo 

Even{fiO, -A)) = Even{f{X, 0)) = ^ a^kflX^^ then one obtains 

fc=0 

e"^ + A - 1 



2 «2fc,oA'' + e-^£;T;en(/(A, -A)) 



A2 



A;=0 

By substituting (—A) for A and using Even[f{—X, A)) = Even(^f{X, —A)), one gets 

- A - 1 



2 5^ a2MA'' + e^^t;en(/(A, -A)) 

k=i) 



Prom the two above equations one deduces 



1 2 

/(A, -A) = E^;en(/(A, -A)) = - - ^^^^ _ and 

oo 1 / 9\ \ 1 °° R 

B..n(/(A, 0)) ^ 5: «.,„A- . ^ ^ + A - 1^ ^ ^ ^(2A)-. □ 

fe=0 ^ ^ n=l ^ 
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Example 4.3. Note that a2k,o — ^2A; + 2)T correct coefficients of tlie logaritlim of any 

fionest Drinfeld associator $(a, b) — exp((/?(a, 6)) e L3, not only the compressed one. 
This form of the extreme coefficients CK2k,o is the 7th key point: 

2B2 1 2^B^ 1 2^Ba 1 2^S« 1 



__ __ _ 

Q^OO — — 77) 0^20 — — Tj — — "T^) 0^40 — — ~ 7T77' '-'^60 — 



2! 6' 4! 90' 6! 945' 8! 9450 

2A °° 

For the coefficients 7^ of the series — — = Ik^^, similarly to Lemma 2.2 one can 

e — e fc=o 

find the recursive formula ^ . " — rr = for each n > 1, 70 = 0. Hence 

For the generating function of any compressed Drinfeld associator (p e L^, one gets 

Lemma 4.4. Under the conditions of Lemma 4-1, set /(A,//) := 1 + \^f{X,ii). 

(a) The new function f{\,/j) obeys the same symmetry: f{\,/j) = /(//, A). Moreover, the 
function f{X,ii) is even (i.e. /(A,;u) = /(— A, — if and only if f{\,ii) is even. 

(b) The compressed hexagon (1.36) = (4.16) is equivalent to the following equation in C[[A, //]] 
(4.4) (A + ii)f{\ ix) = AeV~(/^, -A - //) + iie->^f{\ -A - //). 

Proof. The item (a) follows from the definition of f{\iJi). 
(b) The equation (4.1b) can be rewritten as follows: 

/(A. ,) + ±) + (/(,, -A - ,) - + (/(A, -A - ,) - ^) = 0. 

To get (4.4) it remains to multiply by A//(A -\- jj). □ 
Recall that the even and odd parts of a series were introduced before Theorem 1.5. 



Lemma 4.5. In the notations of Lemma 4-4; the compressed hexagon (1.36) = (4.4) can be 
split into the two following equations in the algebra C[[A, //]] 

(4.5a) (A + ij)Even{f{\ jj)) = Xe''Even{f{n, -A - //)) + ne-^Even{f{X, -A - //)); 

(4.56) Odd{f{X, /i)) + e^Odd{f{fi, -A - /i)) + e-^Odd{f{X, -A - /x)) = 0. 
Proof. Let us substitute the pair (—A, —/i) for (A, /i) into the equation (4.4) 

-(A + //)/(-A, -//) = -Ae-'^/(-/x, A + //) - //eV~(-A, A + //). 
Now swap the arguments A, /i and use the symmetry /(A, //) = /(/x, A) 

-(A + f,)f{-X, -f,) = -//e-V~(-A, A + /x) - Xe^fi-f,, A + //). 

If one subtracts the latter equation from (4.4), then after dividing by 2 one obtains the 
equation (4.5a). If one adds the latter equation to (4.4), then one has 

(A + n)Odd{f{X, n)) = Xe''Odd{f{n, -A - n)) + ne-^Odd{f{X, -A - ^i)) . 

Since Odd[f{X, fj,)) = XjiOdd{^f{X, jif), after dividing by A/i(A + /x) one gets (4.5b). □ 

The splitting of Lemma 4.5 is the 8th key point. 
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4.2. Explicit description of all even compressed associators. 
Lemma 4.6. The general solution of the equation (4-5a) is 

(4.6) Even{f{X, //)) = 1 + A/. • Even{f{X, //)) = -^^^—-^h{X, 

2A 

where h{X, /i) is a function satisfying the boundary condition h{X, 0) = — — and the 

symmetry relations h{X, fi) = h{ii, A) = h{—X, —fi) = h{X, — A — /i). 

Proof. Let us swap the arguments A,/x in (4.5a). Due to f{X,fi) = f{fi, A) one gets 
(A + n)Even{f{X,n)) ^ ne^Even{f{X, -X - n)) + Xe'^Even^fii^, -A - n)). 

By subtracting the above equation from (4.5a) one obtains 

X{e^ - e-^") ■ Even{f{ii, -A - /x)) + //(e"^ - e^) • Even{f{X, -A - //)) = 0, or 

Even{f{pi, -A - //)) : (^^^) = Even{f{X, -A - //)) : (^^^^) ■ 
Introduce the function 

(4.6') h{X, /.) := Evenifii,, -X - /.)) : (^^^3^) = Even{f{X, -X - /.)) : (^^^^^) ■ 

Then the new function is even and symmetric: h{X, /i) = h{iJ,,X) = h{—X,—iJ,). Let us 
substitute the expressions 

Even{f{i,, -X - /.)) = (^^^3^) " h{X, /.), Even{f{X, -X - /.)) = (^ '" ^ ■ h{X, /.) 
into the equation (4.5a). One has 

So, (4.6) is proved. Let us substitute (—A — 11) for fi into the above equation: 



Even{f{X, -A - //)) = IJ)^ h{\ - /^)- 

By comparing the latter formula with the equation (4.6'), one gets h{X, fi) = h{X, —A, —fi). 

2A 

To obtain the condition h(X, 0) = —: —r it remains to substite /i = into (4.6). □ 

2A 

Observe that the conditions of Lemma 4.6 imply also h{X, —A) = h{X, 0) = — This 

agrees with the formula (4.2): h{X, — A) 1 — A^/(A, —A) ^ _a - compressed 



_ pM p/* — 



hexagon (1.36) was reduced to h{X, ji) — h(X, —X — //), this is the 9th key point. To describe 
all series /i(A, //) with this symmetry one needs associator polynomials. 

Definition 4.7 (associator polynomials). For each n > 0, a homogeneous polynomial 

n 

Fn{X, /i) ~ 'Y^dkX^ix^'^ with 5fc e C is called an associator polynomial., if F„(A, /x) — 

k=0 

Fn{iJ,, X) = Fn{X,—X — 11) hold for all A, G C. The Drinfeld series s(A, /x) from Defini- 
tion 6.1b contains associator polynomials -F2^+i(A, ji) — {X-\- //)^"+^ — A^""*"^ — /x^"''"^. ■ 



20 KURLIN 

Example 4.8. In degrees 0, 2, 4 an associator polynomial is unique up to factor: 

Fo{X,^) = l, F2{X,fi) = \^ + + fi^, F4{X,fi) = + 2X^fi + 3\^fi^ + 2\fi^ + fi'^. 

In each odd degree n = 1,3,5 there is also exactly one associator polynomial up to factor: 

Fi(A,/i) = 0, F3(A,/i) = AV + F5(A,/i) = AV + 2AV + 2AV + A/il 

Rather surprisingly, that an associator polynomial of the degree n is not unique in general, 
for instance, in degree 6. One can check by hands that in degree 6 there is a 1-parametric 
family of associator polynomials: 

Fe{X, //) = A^ + 3AV + (^AV^ + (2(5 - 5)AV^ + SX^^i"^ + SA//^ + //^ 5e C. 

However, in degree 7 there is a unique associator polynomial up to factor: 

F7(A, /x) = AV + 3AV^ + 5AV^ + 5AV + SA^^ + A/. A 

_ _ oo 

Lemma 4.9. Any function h{X, /i) satisfying the boundary conditions h{X, 0) = ^ 7nA^" 

n=0 

_ _ _ _ 

and the symmetry relations h{X, fi) = h{fi, X) = h{X,—X — fi) is h{X, fi) = ^ jnFn{X,fi), 

where F„(A,/i) is an associator polynomial with the extreme coefficient 1 (respectively, 0) for 
each even (respectively, odd) n>0. 

Proof follows from Definition 4.7. The relation F2n+i(A, /x) = F2„+i(A, —A — /i) implies that 
the extreme coefficient of any associator polynomial F2n+i{X, n) is always 0. □ 
Non-uniqueness of even compressed associators will follow from non-uniqueness of associ- 
ator polynomials {the 10th key point), see the proof of Theorem 1.5c. 

Proposition 4.10. (a) For each n>Q, any associator polynomial of the degree 2n is 

[|] 

(4.10a) F2„(A, /.) = J] /3„feA2V'(A + iJ^TiX^ + A/. + 

fe=0 

where Pnk G C are free parameters for < k < [|] . 

(b) For every n > 1, any associator polynomial F2n+i(A, //) has the following form: 
(4.106) F2„+i(A,/.) = /3n.A^'+V''+'(A + /.)''+^(A2 + A/. + /.2)--^'=-S 

fc=0 

where f3nk ^ C are free parameters for < k < [^^] ■ 

Proof, (a) Induction on n. The bases n = 0, 1, 2 are in Example 4.8. 
Induction step goes down from n to n — 3. 

Suppose that F2„(A,/i) is an associator polynomial of the degree 2n with the extreme 
coefficient /9„o- Then the polynomial F2n(A, //) = F2n(A, //) — /3no(A^ -\- Xji -\- //^)" satisfies 
Definition 4.7. The relations F2n(A, ji) — F2„(//, A) = -F2n(A, —A — ji) imply 

F2n{\ pi) = /9noA'" + n/3„oA'"-V + • • • + ri/3„oA//'"-' + /3„o/^'". 
The polynomial /9„o(A^ + Xjj, + //^)" has the same form. Hence the first two (and the last 
two) coefficients of F2n{X, fi) are always zero. 

One gets F2„(A,/i) = A^/i^F2„-4(A, ;u) for a polynomial -F2n-4(A,/u) of the degree 2n — 4 
such that F2„_4(A,/i) = F2n-4{l^, A) and AV^F2„_4(A, /i) = A^(-A - yu)^F2„_4(A, -A - /i). 

The equation /j'^F2n-4{X, fJ^) = (A + /u)^F2n-4(A, —X — fi) implies that there is a polynomial 
F2n-&{X, ix) of the degree 2n — 6 such that -F2n-4(A, /x) = (A + ix)"^ F2n-%{X, ix). 
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Moreover, the new polynomial F2n-6(A,/i) satisfies all the conditions of Definition 4.7, i.e. 
F2n-Q{\ lA is equal to an associator polynomial F2„_6(A,/i). Hence 

i^2n(A, ^Ji) - /?no(A' + A// + A//)" = AV(A + flfF2n-6{X, //)■ 

The induction hypothesis 

[fl-i 

F2„_6(A, /X) = J] /3„_3,fcA2 V(A + /x)2'=(A2 + XfX + ;,2)n-3fc-3 j^pij^g 
fe=0 

[fl-l 

i^2n(A,/i) = /3„o(A2 + A/i + /i2)- + AV(A + /i)' J] /3„_3,.AV'(A + /i)''=(A2 + A/i + /i2)'^-=^-=^^ 

A;=0 

To get (4.10a) it remains to set Pn,k+i '■— Pn-3,k for < /c < [|] — 1. 

(b) The proof is analogous to the item (a). If -F2„+i(A, /x) is an associator polynomial, then its 
extreme coefficient is zero, i.e. F2„_|_i(A, /x) = A/iF2„_i(A, /x) for some polynomial -F2n-i(A, /x) 
of the degree 2n — 1 with the properties 

i^2n-i(A,yu) = F2n-i(A*, A) and A/iF2„_i(A,/i) = A(-A - ;u)F2„_i(A, -A - /i). 

The equation yuF2n-i(A, /x) = —(A + /x)F2n-i(A, —A — ^) implies that there is a polynomial 
F2n-2{X, fi) of the degree 2n — 2 such that F2n~i{\, fi) = (A + /i)F2„_2(A, /i). Moreover, the 

new polynomial F2n-2{\ Ij) satisfies all the conditions of Definition 4.7, i.e. -F2n-2(A, /x) is 
equal to an associator polynomial F2n-2(A, /x). 

To get (4.10b) it remains to apply the formula (4.10a) for this polynomial F2„_2(A, jj) and 
to set Pnk := /3n-i,fc for < A; < [^]. □ 

The 11th key point: the symmetry F„(A, //) = F„(A, — A — /x) has led to (4.10a) and (4.10b). 

Example 4.11. By Propositon 4.10 the number of free parameters, on which the family 
Fn{X, fJ^) depends, increases by 1 when n increases by 3. The first six (starting with 0) 
associator polynomials are unique up to factor, but not the seventh Fq{X,ij,). One gets 

Fe{X, /i) = PsoiX^ + A/i + fi^ + /33iAV(A + /i)^ 

F8(A, /i) = /34o(A2 + A/i + /i2)4 + /54,AV'(A + /i)'(A2 + A/x + /i^), 

i^io(A, /i) = f3,o{X^ + A/i + fi^f + /55iAV'(A + /i)'(A2 + A/x + /i^)^, 

i^i2(A, /.) = /36o(A2 + A/x + /x2)6 + /36iAV(A + ^if{X^ + A/x + /x^)^ + f3,2X^i_i\X + /x)^ 

F7(A, /X) = ;33oA/i(A + /i)(A2 + A/t + /t2)2, 

F9(A, /i) = /34oA/t(A + /i)(A2 + A/i + /i^)^ + /94iAV(A + /i)^ 

Fii(A, /i) = /95oA/i(A + /i)(A2 + A/i + /i^)^ + /35iAV(A + /i)^(A^ + A/i + /i^), 

Fi3(A, /i) = ;36oA/i(A + /i)(A2 + A/x + /x^)^ + /36iAV(A + fJ^f{>^^ + V + /"')'• 

One can check that the parameter (3^1 is related with S from Example 4.8 as 5 = jJ^i + 6. 
Up to degree 10 the function /i(A,/i) from Lemma 4.6 is 

1 7 31 127 

MA, //) = 1 - -F2(A, /.) + ^F,{X, Pi) - ^i^6(A, /.) + Y^^8(A, /.) + ••• A 
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4.3. Description of all odd compressed associators. 
Lemma 4.12. The general solution of the equation (4-5b) is 

gA+/i _ „-A-/i 

(4.12) Odd{f{\jj))^ ^ h{X,fi), where 

h{X, /J,) is a function satisfying the relations h{X, /i) — h{ii, A) = h{—X, —/i) — h{X, —X — /j,). 

Proof is analogous to the proof of Lemma 4.6. Let us swap the arguments X, /i in the 
equation (4.5b). Due to the symmetry f{X,ii) = f{iJ,,X) one gets 

Odd{f{X, n)) + e^Odd{f{X, -X - At)) + e-^'Odd{f{n, -X - n)) = 0. 

By subtracting the above equation from (4.5b) one obtains 

(e'^ - e-^) • Odd{f{fi, -X - fi)) + (e-^ - e^) ■ Odd{f{X, -A - /i)) = 0, or 

Odd{f{^^, -X - ^^)) : = Odd{f{X, -X - /.)) : • 

Introduce the function 
(4.12') 

^(A, /.) := -Oddifii,, -X - /.)) : = -Odd{f{X, -X - /.)) : (j^^^^ ■ 

Then the new function is even and symmetric: h{X, /i) — h{ii,X) — h{—X,—ii). Let us 
substitute the expressions 

Odd{f{i,,-X-i,)) = - -MA,/^), Odd{f{X,-X-i,)) = - ~ ' -MA,/.) 

into the equation (4.5b). One has 

(P-^ _ p-A pM _ p-M\ _ p-^+M _ p-A-/U ^ 
e'^^— + e-'-^j h{X, ^) = ^ h{X, /.). 

So, (4.12) is proved. Let us substitute (—A — fi) for /i into the above equation: 

odd{f{x, -X - //)) = -^!^^^h{x, -X - //). 

By comparing the latter formula with (4.12'), one gets h{X, /i) = h{X, — A, — /x). □ 

Proof of Theorem 1.5c. By Lemmas 4.6, 4.9, 4.12, and Proposition 4.10a, the general 
solution of the equation (1.5b) =(4. lb) is /(A, /i) — Eveni^f {X, ji)) + Odd(^f{X,iJ,)), where 

pA+/( _ -A-^ / oo [f] 

1 + A/. • Even{f{X, /.)) = , E E f^nkX"' 1^'' {X + /.) 

Z[A-\-fJ,) \n=Ofe=0 



Odd{f{X, /.)) = E E /3n.A2V^'=(A + , a; = ^/J2:^xi^. 

^ \n=Q k=Q J 

Let us substitute /i — —X (then a; = A) into the former equation and apply Lemma 4.2: 

oo ^ , oo „ 

5:,3„„A- = 1 - X'Even(nX,-X)) 't?' hence J]/3„„.- = 

n=0 n=0 
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_ oo 2n+l 

as required. Let us relate q;2„+i,o with /?„o- One has Ocici(/(A, //)) = J] <^2n+i,k^'^^~'^~^^ 1^'^ ■ 

n=0 k=0 

oo 

Hence one obtains Odd{f{X, 0)) = ^ Q;2n+i,oA^"''^^. On the other hand, for /x = 0, one gets 

n=0 

f— 1 

pA+M _ p-A-M ill . pA _ p-A °° ^ 

^ ^ E E f^nkX''f^''{X + = E ^r^0X''' = E «2n+l,oA^"+^ 

n=0 fc=0 n=0 n=0 

□ 

Proof of Corollaries 1.6a-b. (a) The first series f^{X,fx) is obtained from the general 
formula (1.5c) by taking f3nk = Pnk = 0. This solution is related with the associator poly- 
nomials F2„(A, /x) = (A^ + Xfj, + [J^Y- (b) The second series f^\\,fi) appears due to the 

associator polynomials F2^^(A,/x) = , n > 1. Actually, let 7jt be the 

2A °° °° 

coefficients of the series ^ = ^ Ik^^ see (4.3). Then the series 1 + X] lkFll{\[i) 

plays the role of the function h{\, fi) from Lemma 4.6. It remains to compute 
gA+M _ e-A-M 1 f 2{X + fj,) ^ 2A ^ 2// - 1 ) - 



2(A + /x) 2 \e^+'* - e-^-'^ - e'^ e/^ - e"^ 

1 1 e^^^" - e-^-i" f 2A 2/^ A 

-H 7- ^ — { rH 1 <^ (1.66). □ 

2 2 2(A + /x) Ve^-e-^ e^* - e"'' / ^ ^ 



5. Compressed pentagon equation 

This section is devoted to the proof of the pentagon part of Theorem 1.5b. It turns out 
that if all commutators commute, then the compressed pentagon (1.3c) follows from the 
symmetry aki — OLik {the 12th key point), see Proposition 5.10. 

5.1. Generators and relations of the quotient L4. 



[a, e] = [6, v] = [c, d] = and 



Here one studies the quotient L4, where the compressed pentagon (1.3c) = (5.9) lives. 

Definition 5.1 (alphabet L, algebras L4 and L4, simple and non-simple commutators). 

(a) Let the Lie algebra L4 be generated by the letters of the alphabet 

L = { a := 6 := c := d := t^^, e := t^^, v := t^^ } and the relations 

X := [a,b] = [6, c] = [c, a], y := [a,d] = [d,v] = [v,a], 
z := [b,e] = [e,d] = [d,b], u := [c, e] = [e,v] = [v,c]. 

The Lie algebra L4 is graded by deg(s) = 1 for any letter s G L. Put L4 = L4/ [[L4, L4], [L4, L4]] , 

By L4 denote the algebra of formal series of elements from L4. 

(b) Let w be a word in the alphabet L = {f^, 1 < i < j < 4}. Let 1^ be the set forming 
by the upper indices of the letters including in w. If the set contains at most three 
different indices, then the commutator [w] G L4 is called simple, otherwise [w] is non-simple. 
For example, the commutators [aab] and [vad\ are simple, but [dab] is not simple. ■ 
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Claim 5.2. The following relations hold in the quotient Z4 

(a) [a + b + c,x] = 0, [a + d + v,y] = 0, [b + e + d,z] = 0, [c + e + v,u] = 0; 

(6) [da] + [ea] + [va] = 0, [db] + [eb] + [vb] = 0, [dx] + [ex] + [vx] = 0; 

(c) [dx] — —[cy] — —[cz] — [du], [ex] — —[ey] — —[az] — [au], [vx] — —[by] — —[vz] — [bu]. 

Proof, (a) By Definition 5.1a one gets [a + b + c,a] = [c,a] — [a,b] *'^=="'* and similarly 
[a + b + c,b] ^^^^ 0, hence [a + b + c,x] — 0. The other relations are proved analogously. 



(b) By Definition 5.1a one has [d + e + v,a] = (—[a, d] + [v, a]) — [a, e] ''^=="^ and similarly 

[d + e + v,b] ^^=^ 0, hence [d + e + v,x] = 0. 

(c) Definition 5.1a, the Jacobi identity (J), and [cd] — are used below. 



[dx] 


(5.1a) 


[dbc] 


(J) 


-[bed] 


- [cdb] 


(5.1a) 


-[cz], 


[dx] 


(5.1a) 


[dab] 


(J) 


— [abd] — 


' [bda] ^^=^ [az] + [by], 


[dx] 


(5.1a) 


[dca] 


(£) 


— [adc] 


— [cad] 


(5.1a) 


-[cy], 


[cy] 


(5.1a) 


[cva] 


iJ) 


— [fac] — 


[acv] ^^=^ [vx] + [au]. 


[cy] 


(5.1a) 


[cdv] 


i£) 


— [dvc] 


— [vcd] 


(5.1a) 


— [du] , 


[cz] 


(5.1a) 


[cbe] 


{£) 


-[bee] - 


[ecb] ^^=^ [bu] + [ex]. 



One gets [dx] = —[cy] = —[cz] = [du] = [az] + [by] = —[bu] — [ex] = —[vx] — [au], i.e. 
[bu] = —[dx] — [ex] ^^=^ [vx] and [au] — —[dx] — [vx] ^^=^ [ex]. Similarly, by [ae] — one has 

[ex] [eab] — [a6e] — [bea] — [o-^], [dz] [aed] = — [eda] — [dae] [ey]. 

Then [ex] = —[az] = —[ey] and [by] = [dx] — [az] = [dx] + [ex] = —[vx]. Finally, one has 
[du] ^^='^ [dev] =■* — [vde] — [evd] ^^=^ [vz] + [ey] ^ [vz] = [du] — [ey] = [dx] + [ex] = —[vx]. □ 



Claim 5.3. (a) Every simple (resp., non-simple) commutator [w] G L4 of degree 3 can be 
expressed linearly via [ax], [bx], [ay], [dy], [bz], [ez], [cu], [eu] (resp., via [dx] and [ex]). 

(b) The degree 3 part of is linearly generated by 8 simple commutators [ax], \bx], [ay], 
[dy], \})z], [ez], [cvt\, [ev\ and 2 non-simple ones [dx], [ex]. 

Proof, (a) The degree 3 part of L4 contains exactly 

12 simple commutators [ax], \bx], [cx], [ay], [dy], [vy], \bz], [ez], [dz], [cu], [eu], [v^i] and 
12 non-simple ones [dx], [ex], [vx], \by], [cy], [ey], [az], [cz], [vz], [au], [bu], [du]. 

Due to the relations (5.2a) one can throw out the four simple commutators [cx], [vy], [dz], 
and [vu]. By the relations (5.2c) any non-simple commutator reduces to one of [dx], [ex], 
and [vx]. To eliminate [vx] it remains to apply the relation (5.2b): [vx] = —[dx] — [ex]. 

(b) Any element of L4 is a sum of simple and non-simple commutators, i.e. (a) =^ (&)• □ 

Lemma 5.4. (a) For every word w in the alphabet L = {a,b,c,d,e,v}, containing at least 
two letters, and for any letters s,s' G L, [ss'w] = [s's-u;] holds in the quotient Lt^. 

(h) Let w be any word in the alphabet h, containing at least one letter d or e. Then in the 
quotient L^^ the following relations hold: 

[adx] = [edx], [aex] = [e'^x], [awx] = [ewx]; 

[bdx] = [{—d — e)dx], [bex] = [{—d — e)ex], [bwx] = [{—d — e)wx]; 

[cdx] — [d'^x], [cex] — [dex], [cwx] — [dwx]. 
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Proof, (a) This is an analog of Claim 2.6a. 

(b) Apply the item (a) and Claim 5.2 as follows 

[aax\ = [aau\ = [aau\ = [aex\ = [eax\, [aex\ = [eax\ = —[eox\ — [ecx\ = [e x\; 
[bdx] ^^^^^ [bdu] [dbu] ^^^^^ [dvx] ^^^^ [d{—d — e)x] ^^^^ [(— d — e)dx]; 

r , (5.2c) r , (5.4a) . , (5.2c) . , (5.26) , , , , (5.4a) , , 

[oex\ — —[oey\ — —[eoy\ — [evx\ — [e[—d — e)x\ — [[—d — e)ex\; 

[cdx] ^^='^ [dcx] '■^="^ — [(iax] — [dbx] [ d'^x], [cex] '■^='^^ — [cey] ^^='^ —[ecy] '^^=^ [edx]. 

If a word w in L contains at least one letter d or e, then by the item (a) there is a word w' 
in L such that [wx] = [w'dx] (without loss of generality) or [wx] = [w'ex]. Then 

[awx] — [aw'dx] ^^=^ [w'adx] ^^^''^ [w'edx] ^^^^ [ew'dx] — [ewx]. 
The proof in the other cases is similar. □ 

Lemma 5.5. (a) In each degree n >2 every simple commutator [w] G X4 can be expressed 
linearly via 4(n — 1) simple ones [a^yx], [a,^dhj], [b''eJz], [c'^'e'-u], k + I = n — 2, k,l > 0. 

(b) In each degree n > 3 any non-simple commutator [w] G L4 can be expressed linearly via 
n — 1 non-simple commutators [d''e''x], where k + I = n — 2, k,l > 0. 

(c) In any degree n > 3 the quotient L4 is linearly generated by 4(n — 1) simple commutators 
[a%''ab\, [a^d''ad\, [fc'^e'fce], [c^e^ce] andn — 1 non-simple ones [d^e''ab\, k + l — n — 2, k,l >0. 

Proof, (a) Let us consider a simple commutator [w] not containing upper index 4. Hence the 
commutator [w] contains only the letters a,b,c. By the relations (5.2a) [cx] = —[ax] — [bx], 
one can express [w] via commutators [a'^b''x], k,l > 0. The proof is analogous for another 
three types of simple commutators. 

(b) Let w = w"siS2S3 be the given word, where si, S2, S3 are the three last letters of w. Since 
[w] is non-simple, then by Lemma 5.4a one can permute the letters of w in such a way that 
one may assume the commutator [S1S2S3] is non-simple. By Claim 5.3b the commutator 

[S1S2S3] is expressed via [dx] and [ex]. Then by Lemma 5.4a [w] = [w"siS2S3] can be written 
in terms of [dw"x] and [ew"x]. Hence one can apply the induction on the length of w. 
The item (c) follows from (a) and (b). □ 

5.2. Calculations in the quotient L4. 

Claim 5.6. For all k > 0, I > 1, in the quotient Z4 the following relations hold: 

(a) [b^d^x] = [{-d - e)^d^x], [d'^b^y] = -[d\-d - efx]; 

{b) [b^c^z] = [{-d - e)''d^x], [c^6'm] = [d''{-d - eYx]; 

(c) [d'^e'-y] = -[d'^e'-x], [e'^d'-u] = [e''d''x]; 

(d) [a'^c'-y] = - [e'^d'-x], [c'^a'-u] = [d'^e'-x]. 

Proof, (a) By Lemma 5.4b one has [bd''x] = [{—d — e)d''x], i.e. [b'^d''x] = [{—d — e)bd^x] = 
[{—d — e)'^d''x] and so on, i.e. [b^'d^x] = [{—d — e)''d^x] holds for all /c > 0, / > 1. Similarly, 

[by] ^ -[vx] ^ -[{-d - e)x] [b^y] = -[b{-d - e)x] ^ -[{-d - efx] ^ 
=^ [b^y] = -[{-d - eYx] [d%^y] = -[d^{-d - cYx] for all A; > 0, / > 1. 
The items (b), (c), and (d) are proved analogously to (a). Apply the following formulae: 

[cz] ^ -[dx] [c^z] = -[cdx] ^ -[d^x] [c^z] = -[d^x] 

=^ [b'^c'z] = -[b'^d'x] ^ -[{-d - e)''d'x] for all A; > 0, / > L 
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[bu] ^ [vx] ^ [{-d-e)x] [b\] = [b{-d-e)x] ^ [{-d-e)^x] [b'u] = [{-d-eYx] = 
[cb^u] = [c{-d - eYx] ^ ^''^ [d{-d - eYx] [c'^b^u] = [d''{-d - e)'x] for all A; > 0, l> 1. 



[ey] ^ -[ex] [e'y] = -[e'x] ^ [e'y] = -[e'x] ^ [d'^e^y] = -[d^^e'x], A; > 0, Z > 0. 
H ^ [dx] =^ [d'li] = [d^x] =^ [e'^d^u] = [e'^d'x] for all A; > 0, Z > 1. 

[cy] ^ -[dx] => [c'^y] = -[cdx] ^ -[d'^x] [c^y] = -[d'x] 
[ac^y] = -[ad'a;] ^ ^''^ -[ed'x] =^ [a*^c'y] = -[e'^d^x] for all A; > 0, Z > 1. 

Finally, one has [au] ''^^^^ [ex] =^ [a^u] = [aex] ^^^''^ [e'^x] ^ [a'w] = [e'x] =^ 

=^ [ca'w] = [ce'x] ''^=^ [de^x] [c''a^u] = [d''e^x]. 
Claim 5.7. For any k > 0, in the quotient L4 one has 

(a) [(6 + d)''x] = [b'^x] - [{-d - e)'=x] + [{-e)^x], [{b + dfy] = [d'^y] + [d'^x] - [{-e)^x]; 
(6) [{b + c)^z] = [b'^z] + [{-d - e)''x] - [(-6)^=0;], [{b + c)''u] = [c'^u] - [d^x] + [{-e)^x]; 

(c) [{d + e)''y] = [d^y] + [d''x] - [{d + e)''x], [{d + e)''u] = [e''u] - [e>'x] + [{d + e)*^x]; 

(d) [{a + c)*^y] = [a'^y] + [e'^x] - [{d + e)''x], [{a + c)''u] = [c'^u] - [d'^x] + [{d + e)^x]. 

Proof, (a) For each k >0, one obtains 



□ 



[{b + d)''x] = [b'^x] + 
= [b^x] - [{-d-e)^x] + 
[{b + d)'y]^[d'y] + 



^ [b'^x] + 



E 



-0? - e)^ ^ci-'a; 



.j=o 



[b'^x] - [{-d - e)''x] + [{d-d- e)''x]. 



.j=o ^ ■' 



■fe-1 
.j=0 



-d - ef-^d^x 



[d'^y] + [d^x] 



Y,{\-d-ef-^d^x 
j=o ^-^^ 



[d''y] + [d^x]-[{-d-e + dfx]. 



The items (b),(c),(d) are proved analogously to (a). The following formulae are used: 
[{b+cfz]-[b^z] = ( ■) [^'"'■^■^] - E ( •)[(-^-^)'"'^''^] = [(-rf-e)'=x]-[(-e)'=x], 

[(6 + c)^ii] - [c^ii] = Y (^) [^''"'c''^] ^ E (^) [(-'^ - e)^-^d^x] = -[d^x] + [(-e)^a;], 
[(d + 6)^=^] - [d'y] = Y Q) [d'-'e^y] ^ - E [^'"'^'^] = [^'^] - [(^ + ^)'^]' 



COMPRESSED DRINFELD ASSOCIATORS 



27 



[{d+e)''u] - [e'^u] = J2 (^) [e''~'d^u] ^ J] (^^ [e'^-^d^x] = -[e'^x] + [(d + e)''x], 
[(a + c)^] - [a^] = (^) [a'-^ciy] ^'^'^ - (^) = [e'x] - [{d + e)'x], 

7=1 ^''^ .7 = 1 ^''^ 



fc 

[{a + c)''u] - [c'^u] 



J2 [c'-'a^y] ^ ^ Q [ci'-^e^o:] = -[d'x] + [{d + e)'x]. □ 

Lemma 5.8. (a) For all k,l >0, in the quotient L4 one gets 

, . f [a''{b + dya{b + d)] = {[a'^b^x] + [a'^d^y]) + [e'^d^x] - [e^'(-rf - eYx], 

(b) For all k,l > 0, in the quotient one has 

(5.86) [{a + c)\d + e)'(a + c){d + e)] = {[a'^d^y] + [c^e^u]) + [e'^d^x] - [d'^e^x]. 

Proof, (a) One has [a, b + d] x + y, [b + c, e] z + u. For all A; > 0, Z > 1, one gets 
[a\b + dya{b + d)] = [a\b + dyx] + [a\b + dyy] ^'=^ {[a''b^x]-[a\-d-eyx] + [a\-eyx]) + 

+ {[a''d'y] + [a'^d'x] - [a\-eyx]) ^ {[a''b'x] + [a''d'y]) + [e''d'x] - [e\-d - e)'x]. 
Observe that the above equations hold for / = also. Similarly, one gets 

[(6 + c)V(6 + c)e] [e\b + c)h] + [e\b + c)''u] {[e%^z] + [e\-d-e)''x]-[e\-e)''x]) + 
+ {[e^c''u] - [e^d'^x] + [e\-e)''x]) = {[e^b'^z] + [e^c'^u]) - [e^d'^x] + [e^{-d - e)''x]. 

(b) Analogously to the item (a), for all k,l > 0, one obtains 

[(a + c)\d + e)'(a + c){d + e)] ^ [(a + c)\d + e)'?/] + [(a + c)'=(rf + e)'«] ^ 

[(a+c)'=dV] + [(o+c)*^rf'x]-[(a+c)*^(d+e)'x] + [(a+c)*^e'^/]-[(a+c)*^e'x] + [(a+c)'=(d+e)'x] 
(5.2ay5.4a) ^ ^ + [e\a + c)'^u] - [e\-b)'^x] ^""^'-"^^ 

{[d^a'^y] + [d^e^x] - [d\d + e)''x]) + {[e^c'^u] - [e^d'^x] + [e'(d + e)*^x]) + [i-b)\d^ - e^)x] 

- e^a;] ^ [{d + e)''{d' - e')x] was used = {[a'^d'y] + [c^e'w]) + [e'd'x] - [d'^e'x]. 
Note that the relation [{-b)''{d^ - e^)x] ^^=^ [{d + ef{S - e^)x\ holds for any Z > 0. □ 
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5.3. Checking the compressed pentagon (1.3c). 



Lemma 5.9. For any compressed associator Lp G L3, the compressed pentagon (1.3c) is 
equivalent to the following equation in the algebra L^: 

(5.9) (^(6, e) + (^(a + c, d + e) + (^(a, b) = (^(a, b + d) + (^(6 + c, e). 

Proof. Let us rewrite explicitly the pentagon (1.3c) for a compressed associator ip & 
exp((^(6, e)) ■ exp((^(a + c, c? + e)) ■ exp((^(a, 6)) = exp((^(a, 6 + c/)) ■ exp((^(6 + c, e)). 

Since in the quotient L4 all commutators commute, then the series (^(6, e), <^(a + c, (i + e), 

ip{a,b), ip{a,b + c?), and <^(6 + c, e) commute with each other in L4. Hence, taking the 
logarithm of both sides of the above pentagon, one needs to apply the simplest case of CBH 
formula (2.3): log(exp(P) ■ exp((5)) = P + Q provided that P, Q commute. □ 

Proposition 5.10. Let f{X,fi) = ^ akiX^^i^ be the generating function of the coefficients 

k,l>0 

OLki = O-ik of a compressed Drinfeld associator 1^ G L3. Then in the algebra L4 the compressed 
pentagon equation (1.3c) = (5.9) follows from the symmetry a^i = oiik- 

Proof. By Lemma 5.8b the left hand side of (5.9) is 

^ aki([b''e%e] + [(a + c)\d + e)\a + c){d + e)] + [a%'ab]) ^ 

^='^ auiye'z] + {[a'^d'y] + [c^'u] + [e'^d'x] - [d^e'x]) + [a%'x\ 

k,l>0 

Similarly by Lemma 5.8a the right hand side of (5.9) is 

J2 (^ki (y{b + dfa{b + d)] + [{b + cfe{b + c)e]^ ^'''"^ 



fcJ>0 



aki[{\a%^x]^a^dy]^e^d^x]-[e^{-d-eyx]) + {\b^eh]^c^e^uy^^ 

k,l>0 

The difference is aki(^[e''{~d — efx] — [{—d — e)''e^x]j ^^=^ if a^i = aik- D 

k,l>0 

6. Drinfeld series, zeta values, and problems 

In this section one shall check that the Drinfeld series from Definition 6.1b (a compressed 
associator expressed via zeta values) is contained in the general family (1.5c). 

6.1. Riemann zeta-function of even integers. 

Definition 6.1 (Riemann zeta function C(^)) the Drinfeld series s(A,/i) ). 



00 



1 Cin 
(a) Let Ci^^) = X] l~ be the classical Riemann zeta function. Put 6'„ 



' — . The Drinfeld sen 
C(n) A" + /i" - (A + ;u)" 



00 00 ((n)A" 

(b) Introduce ^(A) = ^ ^nA" = — - — . The Drinfeld series is 



n=2 n=2n7rV-lr 



s(A, /i) = 5(A) + 5(/i) - S(A + ^) = E 



„=2 n (ttV-I)" 

Due to the change ^ 2f^ in the hexagon (1.3b), one has missed 2" in the denominators 
of s(A,/i). The following theorem is quoted from |12[ Chapter XIX, remark 6.6(b), p. 468]. 
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Theorem 6.2. ^UI There is a compressed Drinfeld associator defined by 
(6.2) /""(A,^) = l + A/i/^(A,/i) = exp(s(A,/i)). 

The Drinfeld series s{X, fi) leads to the well-known formula for even zeta values. 



22n ('2yj-'j2n 

Lemma 6.3. For each n > 1, one has 2n92n = ; — tt o,nd C{2n) = (— 1)"^^— — 7-:B2n- 

- ' 2{2n)\ ' ^ ' 2(2n)! 



Proof. Theorem 1.5c will be used for fi = —A. Lemma 4.2 says that /(A, —A) = -rir — 

2 °° 

——7 T-. By Definition 6.1b one has s(A, —A) = 2 V 6'2nA^". Let us substitute /i = —A 

A(e^ -e ^) n=i 

in the formula (6.2). Then by using the formula (1.5c) one gets 

/ 2A \ °° 
log(/(A, -A)) = log(l - AV(A, -A)) = log ( pr3— A j = 2 5^^2nA2". 

^ ^ n=l 

Taking the first derivative of the above equation by A, one obtains 

/ e^-e-^-A(e^ + e-^) \ / A A 1 2 ..V^o.^u-- 

A/Iultiply the resulting equation by A and use the definition of the Bernoulli numbers: 

n=l ^ ' n=l ^ ' 

C(2n) C(2^) 

It remains to use the formula from Definition 6.1a: = ; — — = (— 1)" 7—. □ 

2n(7rv^)2'^ 2n7r2" 

Example 6.4. By Lemma 6.3 and Table A. 2 of Appendix one can easily calculate 



12' 360' 5670' 75600' 935550' 



C(4)^-, C(6)^^, C(8)^^, C(10) ^3333- 

6.2. Substitution of the Drinfeld series s(A,yu). 

Claim 6.5. The Drinfeld series s{X, fi) satisfies the following equations: 

2(A + /i) 



^^'^""^ 2(A + /x) L"-e-" ^ ^"^^' ) " r""^ ^^^^' 
(6.56) A^ 5^/5„oCc'2" + 5^/i„(A,/i) =Odd(e^v{s{\^l))) 



and 



vn=0 n=3 



w/iere hn{\ /i) = J] /^nfeA^V^'lA + /i)"^a;2"-6^ for n > 3, uj= ^A^ + A/x + /x^. 

fe=i 

r/ie polynomials hn{X, fi) are defined by the same formula as /i„(A,/i), except the coefficients 
Pnk £ C are substituted for (3nk £ C. 

Proof follows from Theorems 1.5c, 6.2, and Odd{l + \fif^(\,fi)^ = \jiOdd{^f^{\^jj)). □ 
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Claim 6.6. Any series s{\, fi) satisfies the following relations: 

(6.6a) Even(^exp(^s{X, n))^ = exp^Even(^s{X, n))^ ■ Even^exp(Odd{s{X, n)))^ , 

(6.66) 0(i(i^exp(s(A, /x)) j = exp(^Even(^s{X, (x))^ ■ Odd(^exp(^Odd{s{X, n)))^ . 

n f A . ^^ p f f fx \\\ exp(s(A,/x)) +exp(s(-A,-/x)) 
Proof. Actually, one has Evenycxp[s{X, fi)) j = — — 

exp(^Even(^s{X, fj,)) + Odd[s{X, fj,))^ + exp(^Even(s{X, fj,)) — Odd[s{X, fj,))^ 



2 ^ (6.6a). 



, . exp(0(i(i(s(A, //) ) + expf — Odd(s(A, //)) ) 
^expi^Even{s{X,fjL))j ^ — ^ 

The formula (6.6b) is proved absolutely analogously. □ 

Claim 6.7. (a) For the series S{p), one has expl—2Even\^S{p)) j = 
(b) For the Drinfeld series s(A, //), one has 



2p 



(6.7) exp I £^t'en(s(A, /x) 



3^"'' - ( -^-^' 2A 2p 



V vv ^t^/jj y 2(A + //) e^-e-^ e^-e"^' 

oo 

Proof, (a) By Definition 6.1b, one obtains Even{^S{p)) = ^ 6'2nP^"- So, one needs to get 

n=l 

oo ( ef — e~P\ 
—2 ^ ^2nP^" = log I — • This formula holds for p — 0. Then it suffices to check that 

n=l \ '^P J 

the first derivatives of both hand sides are equal. For the left hand side, apply the formula 
for 2n^2n from Lemma 6.3: 



n=l n=l ^ ' ^ 



p e^P-1 



For the right hand side, one gets 



eP + e-P)p - (eP - e-P) p 12 

1 1 — as required. 



2p J ' \ 2p J p2 gp _ g-p p e'^P-1 

(b) Apply the item (a) and Definition 6.1b: 
exp(^£;^;en(s(A,At))) exp(^Even{S{X))ycxp(^Even{S{n))yexp(^-Even{S{X+n))^ ^ 



7a) 



(6.7a) / 2A I 2p /e^+^-e"^-^ /e^+^ - e"^-^ 2 A 2/i ^ 



gA _ g-A y gM _ g-M y 2(A + Ai) y 2(A + /x) - e-^ e^^ - e"/^ ' 

Claim 6.8. The equations (6.5a) and (6.5b) are equivalent to (6.8a) and (6.8b), respectively 



gA+^ g— A— // gA (^P' e~P 



fe=0 

,2fc+l 



(6-8^) g (2fe + l)! = + ^) V ^(aT^I^ 2A 2ir- 
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Where e{X, ^^) = - ^.„+iFf„^,(A, /.) = E ^^nTlW^^^^^^^ 



n=l 



2 oo oo oo 

n=3 n=l n=3 

The polynomials hn{X, fi) and hn{X, fJ^) are the same as in Claim 6.5. 
Proof follows from Claims 6.6-6.7, the formula Odd{s{\, n)) = 9{\,fi), and 



oo n2k(\ \ °° 



fc=0 ^ ^ fc=o ^ ' 



□ 



Proposition 6.9. T/iere exist parameters Pnk, Pnk ^ C, expressed linearly via monomials 
of odd zeta values, such that the equations (6.8a) and (6.8b) hold indentically. Hence the 
Drinfeld series s(A,/i) does not lead to polynomial relations between odd zeta values. 

Proof. The left hand side of (6.8a) is unchanged under the transformation fi ^ (—A — fi). 
By Lemma 4.9 such a series is a sum of associator polynomials of even degrees. In other 
words, there exist parameters G C, expressed in terms of 92n+i, such that 

the left hand side of (6.8a) = 1 + Y.Y.^'nk^^^^^^''^^ + f^?''i^^ + A^ + ^2)"-3fc. 

n=l k=l 

Actually, the left hand side of (6.8a) minus 1 is divided by A^yU^(A + /i)^, hence P'^q = for 
77, > 1. The right hand side of (6.8a) has the same form: it equals to 1 when A + /i = 0. Then 
one can find the parameters jSnk via (hence via odd zeta values) in such a way that the 
equation (6.8a) holds indentically. The proof for the equation (6.8b) is similar. □ 

So, Proposition 6.9 supports the long standing conjecture in the number theory: odd zeta 
values are algebraically independent over the rationals [H^. 

Proposition 6.9 will be reproved explicitly up to degree 7 in Claim A. 6 of Appendix. 

Proof of Corollary 1.6c follows from Proposition 6.9 since all monomials consisting of odd 
zeta values can be considered as free parameters. The third associator (1.6c) is obtained from 
the Drinfeld series /^(A, fi) by taking the free parameters ({2k + 1) = for each k > 1. □ 

6.3. Conjectures and open problems. Theorem 1.5 describes only compressed associ- 
ators. This is a first step in the general problem to find a complete rational associator. 
Theorem 1.5c gives a hope to describe Drinfeld associators up to triple commutators. 

Problem 6.10. (a) Is it true that any compressed Drinfeld associator is the projection under 
I/3 — i> [[I/3, Z/3], [I/3, 1/3]] of the logarithm Lp{a, b) of an honest one from Definition 1.3b? 

(b) Describe all Drinfeld associators up to triple commutators. In other words, solve the 
hexagon and pentagon in the quotient L^/[V.^, [L'^.,L'^, where L3 = [^3,^3]. 

A compressed associator <^(a, b) already contains a lot of information. One may try to 
pass through the LM-BN construction |Tni E| to get a well-defined invariant of knots in a 
quotient of the algebra A of chord diagrams. Let Ay? be the difference between the exact 

logarithm of a Drinfeld associator ^9(0, b) G I/3 and its compressed image (^(a, b) G L3. Then 
A$ = exp((^ + A^) - exp(^) = At^ + i (( A*^)^ + A^(^ + (^A^) + ■ ■ ■ 
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is the error of a Drinfeld associator in the completion A^. By the definition of the quotient 
L3 the error A(p is expressed via differences [wkiab] — [a'^tfab], where wm is a word containing 
exactly k letters a and / letters b. 

One wants to factorize the algebra A in such a way that the error A$ dissappears and the 
LM-BN construction leads to a knot invariant in this quotient. Since all terms of A$ contain 
Aip as a factor, then it suffices to kill chord diagrams containing [wkiab] — [a^b^ab]. Roughly, 
the LM-BN construction maps chord diagrams on n vertical strands onto chord diagrams on 
the circle. Let S be a sum of commutators containing the symbols a, b, c. Define the closure 
E = as the relation S = considered in the algebra A of chord diagrams. Formally, one 
draws the relation S = on 3 vertical strands and assume that these strands are three arcs of 
a circle. For instance, the 4T relation from Definition 1.1b is the closure of E = [a, b] — [b, c\. 
Since [abab] = [baab] holds in L3, then at the stage of chord diagrams the first non-trivial 
relation is the closure of [[ab], [aab]\ = [ab] ■ [aab] — [aab] ■ [ab]. 

= [ab] ■ [aab] 

[aab] ■ [ab] = 

In the above figure the relation was drawn briefiy by using STU relations from |2j. 

After Vassilev's paper one usually uses another definition of Vassiliev invariants via 
chord diagrams Roughly, a Vassiliev invariant of framed knots is the composition of the 
Kontsevich integral and a weight function on A, i.e. a linear function on chord diagrams, 
satisfying the 4T relations, see Definition 1.1b. 







Definition 6.11 (compressed algebra A of chord diagrams, compressed Vassiliev invariants). 

(a) For a word Wki containing exactly k letters a and exactly / letters b, put T,{wki) ■ = 
[wkiab] — [a'^b^ab], k,l > 1. Let A be the quotient of the classical algebra A of chord diagrams 

on the circle by the ideal generated by the relations T,{wki) = for all k,l > 1. 

(b) A compressed weight function is a linear function on the compressed algebra A. In other 
words, a Vassiliev invariant is compressed, if the corresponding weight function satisfies 
^{wki) = for all k,l > 1. The compressed Kontsevich integral of a knot K is the image 
of the classical Kontsevich integral Zk under the natural projection A —>■ A. 



Vassiliev invariants of degrees 2, 3, 4 are compressed ones, i.e. the theory is not empty. 



Problem 6.12. (a) Check carefully that the LM-BN construction fHllS]; for a compressed 
Drinfeld associator, gives rise to a well-defined knot invariant in the compressed algebra A. 
Does the resulting invariant depend on a particularly chosen compressed associator? 

(b) Which quantum invariants are compressed Vassiliev invariants? 

(c) Describe all compressed Vassiliev invariants (as linear functions on the algebra A). 

(d) Compute the compressed Kontsevich integral for non-trivial knots, e.g. torus knots. 

(e) Which knots can be classified via compressed Vassiliev invariants? 
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Appendix: explicit formulae 
Claim A.l. For each n > 1, the following formulae hold: 

C2,2n = C2n,2 = B2n, C4,2n+1 = ~C2n+l,A = 4-B2n+4 + 4-B2rt+2) 

C2,2n+1 = ~C'2n+l,2 = 2-B2n+2; C'5,2n = ~C2n,5 = 5-B2n+4 + 10i?2n+2 + B2n, 

C3,2n — —C2n,3 — 3S2n+2 + -B2n, C5,2n+1 — C'2n+1,5 = 10S2„+4 + 5B2n+2, 

,2n+l — C2n+1,3 — 3-B2n+2, CQ^2n — C2n,6 — 15-B2n+4 + 15i?2n+2 + B2n, 

CA,2n = C2n,4 = 6-B2n+2 + -B2n, C'6,2n+1 = " C'2n+1,6 = 6i?2n+6 + 20-B2ra+4 + 6i?2n+2- 

Proof follows from Lemma 2.11 and the first key point: -B2n+i = for each n > 1. □ 
By Claim A.l one can easily compute the numbers Cmn for m + n < 12. 
Table A. 2 of the extended Bernoulli numbers Cmn- 



m\n 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


1 


1 

~2 


1 
6 





1 

~30 





1 

42 





1 

~30 





5 

66 





2 


1 
6 


1 
6 


1 

15 


1 

30 


1 

21 


1 

42 


1 

15 


1 

30 


5 

33 


5 

66 




3 





1 

15 


1 

~To 


4 


1 

14 


8 


1 

~To 


32 


5 

22 




105 


105 


165 


4 


1 

30 


1 

~30 


4 

~105 


23 


4 

~105 


37 


28 


139 




210 


210 


165 


330 


5 





1 

"21 


1 

14 


4 

105 


3 

~14 


16 
231 


13 
22 




6 


1 

~42 


1 

42 


8 
105 


37 
210 


16 
231 


305 
462 




7 





1 

15 


1 

~To 


28 
165 


13 
22 




8 


1 

30 


1 

~30 


32 
~165 


139 
330 




9 





5 

~33 


5 

22 




10 


5 

~66 


5 

66 
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By Table A. 2 one can calculate the function C(A, /x) up to degree 10, see Definition 2.4b. 
Example A. 3. Up to degree 10 one has C(A,/i) = 1 (A — n) -\ — -A/x + 

+ i —u^ + ^AV - f A'V + — AV^ H ^A/i^ I + 

V720^ 180 ^ 180 ^ 720 ) ^ 360 ^ 1440 ^ ) 

1 /^A^ ^4 4,^3 2 ^2 3N x 4 /^^ ^ 1 /^^V AV^ 23,, , AV A/i^ A 
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(- + -AV + 32AV + SSAV + 32(AV* - A"/.') " 56AV - 32AV - —A/ - — 

V / 5 g 8 A'// + A/i'^ 139 5 2 , x2,,6\ , QnM5,,3 , \3,,5\ , 305 4 4 



+ ITT (, 12 + + ^ 24 " + ^(AV + AV) + 39(AV + AV) + ^AVJ • A 

Proposition A. 4. Let L be the Lie algebra freely generated by the symbols P, Q. Under 
L ^ L/ [[L, L], [L, L]\ the Hausdorff series // = log(exp(P) ■exp(g)) maps onto 

H^{p + Q) + l[PQ] + (^[P'Q] - ^[QPQ]) - ^[PQPQ]+ 

f [Q'PQ]-[P'Q] [PQ'PQ]-[P'QPQ] \ / [P^QPQ] + [PQ^PQ] [P'Q'PQ] \ 
V 720 180 / V 1440 360 J 

+7! (^[^'^^ + [P'QPQ] + ^iP'Q'PQ] - liP'Q'PQ] - [pQ'pQ] - liQ'PQ]^ 

1/1 1 93 1 1 \ 

"7! (t21^'<2^'0] + ^[P'Q'PQ] + ^[P'Q'PQ] + ^IP'Q'PQ] + j^IpQ'pQ]) 
^1 (EM^M + lP'QPQ]-JP<yPQ\ ^ 4 _ 

^ IP^Q^PQl- lP^Q^PQ] _ 1 ^ IP^QPQl + lPgrpQl ^ ^ 

7^([^'Q'^Q] + [^'Q'^Q]) - -[P^Q^PQ] + (higher degree terms). 
8! \90 5 J 

Proof. The coefficient of the term [P'^~^Q"^~^ PQ] in H coincides with the coefficient of the 
term A"^~^//"^~^ in C{X,fj,). Hence Proposition A.4 follows from Example A. 3. □ 

Proposition A. 5. (a) The even part of any compressed Drinfeld associator (p{a, b) is 

Even{^{a, b)) ^ — — + — + 

+ (/^3. + ^) {[a^bab] + [ab^ab]) + (2/^3. + ^) [a%^ab] - 

+ {^ + - ^) {[a'bab] + [ab'ab]) + (^/^ai + 3/^41 - ^) {[a%'ab] + [a%'ab]) + 

/ 947 \ 

+ (/33i + 4/341 -^)[a%6] 



93555 



(b) Up to degree 9 the odd part of any compressed Drinfeld associator (p{a, b) e L3 is 
Odd{ip{a, b)) = Poo{[a^ + [bab]) + (/3io + ^) {[a%] + [b^ab]) + 

+ (2Ao + ^) {[a'bab] + [ab'ab]) + (/^^o + ^ + ^) + [b'ab]) + 
+ (3^20 + ^Ao + ^) ([a'M + [afe^afe]) + (5^20 + ^Ao + ) + [a^6^a6]) + 
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+ (^30 + 1^ + 1^ + ^) m + [b'ab]) + (4^30 + ^^.0 + § + 1^) {[a'bab] + [ab^ab]) + 
+ {P3i + 9/330 + 2^20 + ^Pio + ^) {[a'b'ab] + [a%'ab]) 
+ (3/331 + 13i33o + 3/320 + ^/9io + ^) {[a%^ab] + [a^b^ab]) + (higher degree terms). 



Proof follows from Theorem 1.5c by using routine computations. The degree 6 part of the 

g 

series <f^{a, b) from Example 1.4 is obtained from A. 5 (a) for fi^i — — ^ . □ 
Claim A. 6. (a) The even part of the Drinfeld series f^{\,ij,) from Theorem 6.2 starts with 

9450 



^ 6 90 360 945 V2 ^ 1260/^ ^ J \ s 3.7,; p 

+{i5ese,-^){x'f^+Xf^')+[45ese,+lel-J^){^^^^^ 

(b) Up to degree 7 the odd part of the Drinfeld series f^{X,fj,) from Theorem 6.2 is 
Odd{f{X, /x)) = -3^3(A + ^x)- 59s{X^ + /x^) - (10^5 + I) (AV + A//') - 79,{X' + /x^) 

- (21^7 + ^^5 - ^) (AV + A/.^) - (35^7 + ^^5 - I) (A^^ + AV^) - 9^9(A^ + /.^)- 
-(36^, + - I + ^)(AV + A/) - (^^3^ + 84^, + I^, - ^ + A) (AV + A^^)- 

- ^3 + 126^9 + - + (A V + A=^/x^) + (higher degree terms) 
Proof. Rewrite the formula (6.2) in a more explicit form: 

/^(A, n) = -202-3^3(A+/x)-404(A^+/x2) + (^201-6^4) A/x-5^5(A^+/x=^) + (6^2^3-10^5) (AV+A/x^) 
-dOeiX'^ + IJ,^) + (^9l + 802^4 - 156*6) (X^f^ + X/j,^) + (-^O'l + 9^| + 12^2^4 - 206*6) A^^ - 76'7(A5 + /i5) 
+ (10^2^5+12^3^4-21^7) (AV+A/) + (-6^1^3+2002^5+3003^4-3507) (AV+AV)-808(A^+/x6) 
+ (l20206+1503^5+80|-2808) (A5/x+A//5)+ (3O0206+450305+240|-9020i-80i04-5808) (AV^+A V^) 
(^0^-180i03-120i04+4O0206+6O0305+340|-7O08) AV^+ (i40207+180306+2O0405-3609) (AV+A/x^) 
-909(A^ + 1/) + (-24020304 - ^0i - 100^05 + 420207 + 630306 + 700405 - 8409) {X^i/ + AV^)+ 



+ 



+ (40^03 - 60020304 - Y0i - 200^05 + 700207 + 1050306 + 1200405 - 12609) (A^/x^ + A^/x^) 

It remains to substitute ^2n from Example 6.4 and split the even and odd parts. Observe 
that the Drinfeld series /^(A, //) is obtained from Proposition A. 5 for the parameters 

/^ai = ~ 3771 ' ^ 15^3^5 - -6l + i^T^i' ^ -3^3, /3io = -5^5 + ^, 

57 - 77 31 -9 63 

P20 = -7^7 + g^5 - Y20^^' ^ 6^^ ~ 72^^ 71"^^' '^^^ ^ ~2^^ ~ "^^^ 630' 

The above formulae reprove explicitly Proposition 6.9 up to degree 7. □ 
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Example A. 7. The first and second distiguished even compressed Drinfeld associators from 
Corollary 1.6a-b of Subsection 1.3 are defined by the following series: 

, , ^j,^ , 1 4A2 + A/i + V A^ + zi^ 20 ^ 3. 13^2 2 

(a) fU\n) = C + Au'^) + — A>^- 

y I J y ^t^i 6 360 A-7\^ ^ ^ > V. 



A^ + A V + A/i^ 



9450 



4200 



45 ■ 7! ^ ^ 5 • 9! 93555 



1 _ 4A^ + A/i + 4/x^ A^ + /i^ 
6 360 ^ 945 



^(AV + A/.^)-^AV- 



A^ + /i^ ^ A V + AyU^ 



9450 



11200 



(aV + aV) 



90-7! 



5-9! 



X8 -I- /;8 

A>^ + 4^=^ + 



93555 



The proof is a computation following from Corollary 1.6. Both series are obtained from 
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Proposition A. 5 for /?3i = /?4i = and (3^1 = — ^ ^, , /54i = ^, , respectively. ▲ 
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